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Abstract

Because of sorting, more skilled workers are more productive in higher type brms. They
also learn at dilerent rates about their productivity and therefore have dilerent wage paths
across brms. Unlike most standard models of learning and continuous time games of incomplete
monitoring, there is no deterministic outside option (absorbing state): agents always learn in all
brms, albeit at dilerent rates. This imposes a no-deviation condition which captures sequential
rationality. It results in a restriction on the second derivative of the value function in addition
to smooth-pasting and value-matching. We completely characterize the equilibrium, including
the distribution of beliefs and the fact that under supermodularity there is always Positive
Assortative Matching. Surprisingly, this holds even if the signal-to-noise ratio is higher in the
low type brm. The model provides realistic predictions that existing learning models of the labor
market cannot generate. For example, wage dispersion increases with tenure and an indilerent
type will accept lower wages at a high type brm because of learning.
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1 Introduction

High ability workers sort into more productive jobs. Due to complementarities in production,
their higher marginal product allows them to command higher wages. The Beckerian model of
assortative matching is very well suited to explain those patterns of sorting. Unfortunately, it is
mute on the issue of turnover of workers between dilerent jobs. Instead, the Jovanovic (1979)
learning model has long been the canonical framework for analyzing turnover in the labor markét
over the life cycle. Workers and Prms learn about match-specibc human capital and will tend to
stay in a match if learning reveals the match is good. Experimentation tends to occur early on
which leads to decreasing turnover over the life cycle. Because in Jovanovic (1979) learning is
about the match and not about the worker, there is neither worker heterogeneity nor sorting. In
this paper, we oler a unibed approach of learning and sorting. At a theoretical level, we establish
a solution method for a market equilibrium in a continuous time economy with multiple learning
opportunities (multi-armed bandit). We can solve the model to make realistic predictions about
wages, sorting and turnover that can be reconciled with the stylized facts.

In the labor market, the learning experiences of workers are most likely to diler across dilerent
Prms. Starting in a top law Prm or a multinational will induce dilerent paths of information reve-
lation than working in a local family business. The worker now faces a trade-o! between dilerent
experimentation experiences: take a lower wage at a high productivity brm where information may
be revealed at a dilerent rate or accept higher wage and learn more slowly. It is intuitive that
sorting and learning are intimately connected.

Modeling the labor market as a multi-armed bandit problem and solving it is challenging. Most
existing learning models and continuous time games are tractable because they are essentially one-
armed bandit problems with a Pxed outside option that acts as an absorbing state. One-armed
bandit problems typically have attractive properties, including reservation strategies. Instead,
multi-armed bandits in general do not have reservation strategies when arms are correlated, even
if the learning rate is the same across Prm$. But our labor market is not exactly identical to
the canonical bandit problem. First, there are a continuum of experimenters, and as a result of
two-sided heterogeneity, deviations and o!-equilibrium path beliefs non-trivially alect equilibrium.
Second, because of competitive wage determination a la Jovanovic (1979), the payo!s are endoge-
nous. Finally, because workers learn about general human capital instead of match-specibc human
capital, the arms are positively correlated.

We Pbnd that it is the combination of competitive wage determination (endogenous payo!s)
and the incentives needed to avoid a deviation that give rise to a new condition which we call the

LOf course, also the search model inherently exhibits turnover, but with observable types turnover is constant over
the life cycle. Moscarini (2005) brings together search and learning in the Jovanovic framework.

23ee for example Chernoff (1968) and Rosenberg et al. (2007). Only with multiple independent arms are reservation
strategies guaranteed.



no-deviation condition. This condition must be satisped in addition to the common equilibrium
conditions of value-matching and smooth-pasting. The no-deviation condition can be interpreted
as the continuous time version of the one-shot deviation principle. In other words, there is no
assumption of commitment on the part of the Prm and the equilibrium wage must be self-enforcing.
We prove that the no-deviation condition implies that the second derivative at the cut-o! belief is
the same for the value functions of the high type as well as the low type brms. Recall that value
matching requires that at the cut-o! the value functions take the same value, the smooth-pasting
condition requires that the brst derivative is the same, and now the no-deviation requires equal
second derivatives as well.

We show that supermodularity of the production technology is a necessary and su“cient condi-
tion for positive assortative matching, and that the equilibrium allocation is unique. Those workers
with the highest beliefs about their ability will in equilibrium sort into those brms that are most
productive. Moreover, we can analytically solve for the equilibrium allocation in terms of the cut-o!
belief, and we derive in closed form the stationary distribution of beliefs.

While in most of the analysis we consider common noise across brms, it turns out that the
sorting result holds for dilerent learning rates (noise) across brms, even if the rate of learning is
slower in the high type bPrm. It is easy to see that with supermodularity and a learning rate no
smaller in high types Prms there will be positive sorting. The high type Prm is both superior in
the signal and in the noise. But if high type bPrms learn at a su'ciently slower rate (the noise is
su"ciently high), then the signal-to-noise ratio in the high type Prm may well be lower. The reason
why this nonetheless does not alect the learning is that the value of learning also depends on the
degree of convexity of the value function (from ItoOs Lemma), in addition to the signal-to-noise
ratio. But by the no-deviation condition, at the cut-o! belief, the degree of convexity is the same
in both Prms and therefore the equilibrium value of learning is the same, no matter the dilerence in
signal-to-noise ratios. Key here is that wages are endogenous and determined competitively. That
is why this property does not hold in the canonical multi-armed bandit problem.

The technical contribution of the no-deviation condition allows us to actually solve the model?
We can now employ the framework and generate realistic predictions about labor market variables
over the life cycle. Like in the existing learning models, turnover decreases with tenure.

Unlike most existing models, we can also explain that the variance of wages of a cohort is
maximized asymptotically. This can provide a rationale for the fact that the variance of wages
increases over the life cycle. Like existing models, the signal precision for a given type increases b
eventually the type becomes exactly known B and as a result, the variance conditional on a type

3The idea of sequential rationality is of course not new and has also been employed in continuous time games by
Sannikov (2007) who uses the concept of self generation. And Cohen and Solan (2009) use dependence of strategies
on a small interval dt to restrict the set of Markovian strategies, in the spirit of our dt-shot deviation. It is precisely
the one-shot deviation in conjunction with endogenous payoffs leads to the equalization of the second derivative of
the value functions.



goes to zero. However, because of sorting the variandetween types is maximized. With a bxed
outside option, the second source of variance is absent and existing models Pnd decreasing variance
in wages over the life cycle. There is conclusive evidence that the life cycle variance of wages is
increasing and concave (see amongst others Heathcoate, Violante and Perri (2009)).

We can fully characterize the stationary distribution of posterior beliefs and therefore also of
the distribution of wages. At the cut-o! belief, there is a discontinuity in the wage schedule due to
the fact that the worker is indilerent between a low wage and a high option value of learning in
the high type bPrm and a high wage with a low option value.

The motivation of our analysis and the results are obviously closest related to the labor market
learning literature (Jovanovic (1979, 1984), Harris and Holmstrem (1982), Moscarini (2005) and
Papageorgiou (2009)* Yet, there is a close relation to both the experimentation literature (Bolton
and Harris (1999), Cripps, Rady and Keller (2005), Rosenberg et al. (2007)) and the literature on
continuous time games (Sannikov (2007, 2008), Faingold and Sannikov (2009)). Most models of
learning have a Pnite set of players and have an absorbing state. Ours has a continuum of agents
and there is learning in all states. Moreover, it is essentially a competitive model with equilibrium
prices and therefore payo!s from learning are endogenous.

The idea of analyzing a matching model where the current allocation determines the future
type is brst explored in Anderson and Smith (2009). They analyze a two-sided matching model
of reputations with imperfect information about both matched types, and show that even under
supermodularity Positive Assortative Matching fails. The main dilerence with our model is in
the information extraction. Their agents infer the type of each of the matched partners from the
realization of a joint signal, and the transition technology is not a martingale. As they point out in
a discussion of the comparison of their partnership model to the standard bPrm-worker model, it is
this joint inference problem that leads to the failure of assortative matching under supermodularity.

2 The Model Economy

Population of Firms and Workers. The economy is populated by a unit measure of workers and a
unit measure of brms. Both brms and workers arez ante heterogeneous. The brmOs type" H, L
represents its productivity. The type y is observable to all agents in the economy. The fraction of
H type bPrms is! and all brms are inPnitely lived. The worker ability x "{ H,L} is not observable,
both to brms and workers, i.e., information is symmetric® Nonetheless, both hold a common belief

4Papageorgiou (2009) analyzes a learning model with heterogeneity. He estimates the Roy model version of
Moscarini’s search model. Unlike the Beckerian model of matching, in the Roy model workers have a two-dimensional
skill vector (either fishermen or hunters). Upon the realization of this tuple, agents choose to specialize in either of the
two professions given market wages. With search frictions, non-competitive wage setting and a different production
technology, the no-deviation condition is not imposed in addition to value matching and smooth pasting.

5This substantially simplifies the problem at hand. With private signals Cripps, Ely, Mailath and Samuelson
(2008) show that with a finite signal space there will be common learning, but not necessarily with an infinite signal



about the worker type, denoted by p " [0, 1]. Upon entry, a newly born worker is of type H with
probability pp and of type L with probability 1 # pp. Workers die with exogenous probability ".
New workers are born at the same raté.

Preferences and Production. Workers and brms are risk-neutral and discount future payo!s at rate
r > 0. Ultility is perfectly transferable. Output is produced in pairs of one worker and one bPrm
(x,¥). Time is continuous. Positive output produced consists of a divisible consumption good and is
denoted by p,,. We assume that more able workers are more productive in any Proyg, $ pr,, %
and refer to it as worker monotonicity. While it is often useful, we do not in general assume Prm
monotonicity, which would be .z $ M., %. Strict supermodularity is dePned in the usual way:

Maa # Ue > WHL # ULL, (1)

and with the opposite sign for strict submodularity. In the entire page, we will refer to strict
supermodularity when we just mention supermodularity, likewise for submodularity.

Information. Because worker ability is not observable to both the worker and the brm, parties face
an information extraction problem. They observe noisy measure of productivity, denoted byX,.
Cumulative output is assumed to be a Brownian motion with drift ., and common variance#?

Xt = Uyt + #2, )

where Z; is a standard Wiener process and as a resulX; is normally distributed with mean p,t
and variance#2t. By GirsanovOs Theorem the probability measures over the paths of two dilusion
processes with the same volatility but dilerent bounded drifts are equivalent, that is, they have the
same zero-probability events. Since the volatility of a continuous-time dilusion process is electively
observable, the workerOs type could be learned directly from the observed volatility # depends on
workersO type$.

Equilibrium. We consider a (stationary) competitive equilibrium in this economy. With two types of
Prms and a continuum ofpOs in this market, take a competitive wage scheduig,(p) as given which
specibes wage for every possible type worker working in brm y.2 Denote by V, the stationary

space as is the case in our model here.

SWithout death, we know the posterior belief will converge with probability one to p = 1 or p = 0. Death here
actually acts as a shuffling device to guarantee a non-trivial stationary distribution of posterior beliefs. Another
modeling approach is to assume that such po is drawn from some exogenous given distribution fp. But as we will
show later, this makes it quite difficult to solve the ergodic distribution.

"However, we can allow o to be firm-specific. In section 5 we analyze the general case of firm-dependent oy.

8Bergemann and Vilimiki (1996) and Felli and Harris (1996) consider a two-firm, one-worker/buyer model with
strategic price setting in a world with independent arms. With ex ante heterogeneous firms and workers and correlated
arms, we instead focus on competitive price setting which is closest in spirit to the Beckerian benchmark.



discounted present value of the competitive probts for brmy. The Row probt can be written as
rVy.9 Now we are ready to debne the notion of competitive equilibrium:

Definition 1 In a (stationary) competitive equilibrium, there is a competitive wage schedule Wy(p) =
Hy(p) # IV, where Uy(pP) = PHmy + (1 # P)Ur, denotes worker p’s expected productivity for firm
y = H,L and worker p chooses the firm y with the highest discounted present value. The market
clears such that the measure of workers working in the L firm is 1# | and the measure of workers

working in the H firm is ! .

We would like to point out several things about this debnition. First, the debnition of compet-
itive equilibrium implies identical types will obtain the same payo!. A brm y earns the same Row
probt for every p. Our notion of competitive equilibrium puts restrictions on the o!-equilibrium
prices, as does the Beckerian debnition of a matching equilibrium. In the current context this is
comparable to the notion of subgame perfect equilibrium. Recall that subgame perfect equilibrium
requires that agents behave optimally on any possible subgame. Similarly, here we require: Al-
though type p worker is not employed by brmy on equilibrium path, the hypothetical wage is still
w,(p) = Hy(p) # rv, to guarantee the Prm cannot make or lose money if the employment suddenly
happens. In the Appendix we consider an alternative set of o!-the-equilibrium path wages. Second,
unlike Anderson and Smith (2008), our wage dePnition concerns a spot market wage. They parse
the wage into a static wage plus a dynamic human capital elect. Instead, our spot wage approach
imposes sequential rationality and therefore requires that the wage contract is self-enforcing. Fi-
nally, like all price taking economies, the wage schedule essentially transforms our problem into a
decision problem for the workers.

3 Preliminaries

3.1 Benchmark: No Learning

Workers diler in the common beliefs p of being a high type. We shut down learning so that beliefs
are invariant. This can be viewed as a special case of the learning model with the variancgé?
going to inPnity. We assume that there is no birth or death so we essentially have a static problem.
Suppose without of generality that p is uniformly distributed on [0, 1]. We continue to maintain
the assumption that the worker does not know her true type or that she has no private information
about it. Denote W,(p) = pumy, + (1 # p)ur, fory= H,L andr as the discount rate.

Under the above notion of competitive equilibrium, it is easy to verify the following claim (All
of the results in this paper are in the sense of Oalmost surelyO because we allow a zero measure of

®Notice since there is no free entry, V, need not to be zero. We could model free entry as long as in equilibrium
there is a non-degenerate distribution of firm types in the economy. We consider this does not add to the insights of
our model.



players to behave dilerently):

Claim 1 Under strict supermodularity, PAM is the unique (stationary) competitive equilibrium
allocation: H firms match with workers p" [1# !, 1], L firms match with workers p" [0,1# !).
The opposite (NAM) holds under strict submodularity: H firms match with workers in [0,!).

Since there is no learning, essentially this result is the similar to BeckerOs (1973) result, but
with uncertainty. Noteworthy about this Bayesian version of Becker is that even though for PAM
there is supermodularity of the ex-post payols (Ugy + U > UWHL + UpH), there need not be
monotonicity in expected payols, i.e., pg(1# ') may be smaller thanpz(1# !). In fact, that will
be reRected in the PbrmOs equilibrium payo!sVy $ V; if and only if py(1#!)$ u (1#!).

As in Becker, the equilibrium allocation is unique, but there may be multiple splits of the surplus.

In the case of PAM, we only require thatwy(1# ') = wy(1# !). There are multiple equilibrium
payols if the surplus of a match betweenL and p = 0 is positive. Instead, if p(0) = 0,1° there is
a unique equilibrium payo!.

3.2 Belief Updating

In the presence of learning we can now derive the beliefs and subsequently the value functions.
A su"cient statistic for output history, which determines the future prospects of a match, thus
also the natural state variable of the bargaining game, is the posterior beliep; that the worker
had a high productivity. Now, it is well-known that we can have the following important result:
conditional on the output process (X+):>o0, (P:):>0 IS @ martingale dilusion process. Moreover, this
process could be represented as a Brownian motion.

Based on the framework of our model, denotes, = (Ugy # Uz )/#, y = H, L, #,(p) = %pz(l#
p)?s2 and then we can get:

Lemma 1 (Belief Consistency) Consider any worker who works for firmy between to andty. Given
a prior Py, " (0, 1), the posterior belief (P)io<t<t, 5 consistent with the output process (Xy i) io<t<ts
if and only if it satisfies

dp: = pi(1# pr)s,d®,

where
1
dzy,t = E[dxy,t # (thHy + (1 # pt)p-Ly)dt]-

The proof of this Lemma is in Faingold and Sannikov (2007) or Daley and Green (2008). The
basic idea behind the proof is a combination of BayesO rule and 1toOs lemma. Given the petiod
posterior belief p; and dX;, we know the posterior belief at periodt + dt is:

10 And there is limited liability, i.e., workers and firms cannot receive negative payoffs.
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Apply ItoOs Lemma and we obtain the above result.

Lemma 1 establishes thatdp depends on three elements:p(1 # p), which peaks at ¥ 2; the
signal-to-noise ratio of output, s, = (U, # Hr,)# and dZ,, the normalized dilerence between
realized and unconditionally expected 3ow output, which is a standard Wiener process with respect
to the Pltration {X,}. Obviously, beliefs move faster the more uncertain about workerOs quality
(p close to 1 2); the less variation in the output process (smaller#) and the larger productivity
dilerence (higher pg, # Ury).

Now the learning consideration will change the results. Moreover, the supermodularity not only
alects the value of the output created as in the standard Beckerian model, but it also changes the
speed of learning. For example, under supermodularity {7 # U > Wy # Ur), the learning
speed is faster in high type brm, which is especially signibcant fop close to 1 2. Intuitively
speaking, learning makes it more attractive to match with a high type Prm even though it is better
for her to match with a low type bPrm without learning.

3.3 Value Functions

Consider any interval for the posterior beliefp" [p1, p2] where the worker accepts the oler from a
type y brm, then the value function is given byl

Wy (p) = Wy(p) # V, +# (D)W, (p) # "W,(p), (3)

from ItoOs Lemma. The termu, (p) # V, is equal to the Bow wage payo! and corresponds to the
deterministic component of the dilusion X, ;, and the term #y(p)W;(p) is the second-order term

from the transformation W of the dilusion process X, ;. All higher-order terms vanish as the time

interval shrinks to zero. The general solution to this dilerential equation is:

Hy(P) # V,

o+ kPt T (L # p) + Kyop™ (14 p) T, @)

W,y (p) =

" Note that we critically need the assumption that the worker doesn’t know any private information about his
type. If this assumption is violated, the worker’s value functions could not be written like this.



where I

1 1 2(r+")
=+ + = _ 7
%= 3 4 s2

$ L

First notice that the boundedness of the value function implies that if O is included in the
domain, then k,1 = 0 and if 1 is included in the domain, then k,» = 0. Second, #,(p)W,"”(p) is the
value of learning and this is an option value in the sense that the worker has the choice to change
his job as he learns his typep. It is easy to verify that this value is zero if the worker never changes
his job.1? From the Martingale property of the Brownian motion, at any p the expected value of
p in the next time interval is equal to p. There is as much good news as bad news to be expected
in the next period. It is the option value of switching to a more suitable match that generates the
value of learning.

4  Analysis and Results

4.1 Characterization of the Equilibrium Allocation

Now consider any candidate equilibrium where a typep worker is indilerent between matching with
either Prm y. Then equilibrium requires the equal-value condition (the worker gets the same value
at the cuto!) and the smooth-pasting condition (the marginal of both value functions is identical).
For example, if for p " [p1, p2), the worker works in the low type Prm and for p " [p2, p3), the
worker works in the high type bPrm, then we must havel3

Wr(p2) = Wa(p2) and Wi'(p2) = Wg'(p2). (5)

It is important to point out that both the equal value-condition and the smooth-pasting con-
dition are on-equilibrium path conditions. It has nothing to do with the o!-equilibrium path (i.e.,
instead of accepting o'ers from low type Prms, worker withp " [p1, p2) are tempted to accept olers
from high high type brms).

In the following lemmas we characterize the value functions establishing convexity and mono-
tonicty:

Lemma 2 The equilibrium value functions W, are strictly convex for p" (0,1).

Proof. In Appendix. =

12In that case, p can take both the values 0 and 1. So the boundedness of the value function requires that both
ky1 and k2 are zero and hence W,"'(p) = 0 for every p.

BWe slightly abuse notation hers since Wy, is not defined on pz. A more precise way of writing the equations is
Wi (p2+) = W (p2) and W' (p2+) = Wr'(p2). In what follows, we will continue to use the expression in the text in
order to economize on notation.



The intuition for this Lemma is the following. Preferences are linear and the option value of
learning is strictly positive, hence the value function with the option of learning is convex. To see
this, observe that since the measure of both types of brms are strictly positive, market clearing
requires that workers with somepOs will be employed by high type Prms while workers with other
pOs will be employed by low type Prms. This implies that some worker has to change jobs at some
point and the option value of learning is non-zero. Hence we havng’(p) > 0, forallp” (0,1). On
the other hand, whenp = 0 or 1, the posterior belief will always stay at 0 or 1 by BayesO rule such
that learning never happens. It is easy to verify that W,/(p) = 0 for p=0 or 1.

Given the strict convexity of equilibrium value functions and the smooth pasting condition, we
can immediately derive the following Lemma:

Lemma 3 The equilibrium value functions Wy, are strictly increasing.
Proof. In Appendix. m

One important implication is that if we debne W (p) as the envelope of all equilibrium value
functions W,(p). Then this envelope function W (p) is continuous, strictly increasing and strictly
convex forp™ (0, 1). Suppose workers withp " [0, p) are employed by typey Prm and workers with
p" (p,1] are employed by type#y Prm. Then we should have:W,(0) = “otts < W/ (1) =

r+0
H,—y__,L,— . .
L2 " This gives us another result:

r+d

Lemma 4 Under supermodularity, in any equilibrium p = O worker matches with L firm; p =1

worker matches with H firm. The opposite under strict submodularity. Moreover,

min($ 4,% 1)

|"+"

max($ #,9$ )

/

where $ g = UHH# Ure and $ 1, = UHL# ULz

Intuitively this result is best understood by using the standard sorting argument from Becker
(1973). At p=0 and p =1 there is no value of learning. As a result, there the value function can
be interpreted as being determined by the no-learning allocation.

The properties derived above are mainly concerned with on-equilibrium path behavior. We
also need to specify what happens in the event of deviations and behavior is o!-equilibrium path.
We consider the equivalence of a one-shot deviation in continuous time because we think of the
continuum as an idealization of discrete time. This amounts to a worker playing the deviant
action over an interval [t,t + dt) according to the belief p at time t, and considering the limit as
dt & 0.1* This is very important because it allows us to derive the value function for deviation.

14 This notion is also implicitly used in Sannikov (2007, Proposition 2), and in Cohen and Solan (2009) who consider
deviations from Markovian strategies in bandit problems.
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On the contrary, if the deviation only takes place at a single time point t, then the value function
for deviation is essentially the same as the one without deviation because no information will be
extracted from just a single time point.

The next Lemma establishes that if we consider o!-the-equilibrium path deviations, we actually
need one additional condition, which we call theno-deviation condition.

Lemma 5 To deter possible deviations, a necessary condition is:
Wy (p) = WL (p) (No-deviation condition) (6)

Jor any possible cutoff p.

Proof. Without loss of generality, we assume that on equilibrium path, worker with p > p accepts
olers from high type Prms and worker with p < p accepts o'ers from low type Prms. Consider one
possible one-shot deviation: a > p worker matches with a low type Prm for dt and then switch

back. Then the new value function is debned as:

Wi (p) = wi(p)dt + e DWWy (p+ dp), where dp= p(1# p)s.d®. (7)
Apply ItoOs Lemma and we get:
WL (p) = wr(p)dt + e DU Wy (p) +# L(P)W(p)dt]. (8)
This implies:

tim TEPEWE®) -y, )i wig(p) + B () # #  (PIW ). ©)

The RHS of the above equation must be smaller than zero for anp > p. Let p& p and we have:

wr(p) # Wi (p) +[# (p) # # x(PIW(p) " O
( wr(p)+# L(PWL(P) # (Wi (p) +# g(P)W(P) +(Wr(p) # WL (P)# (p) " O
( W) ' WL(p). (10)

Similarly, we can consider another possible one-shot deviation: p < p worker matches with a
high type brm for dt and then switch back. Then the new value function is debned as:

Wa(p) = wa(p)dt+ e P“W(p+ dp), where dp= p(L# p)sydZ. (12)
Apply ItoOs Lemma once again and we get:

W (p) = wa(p)dt + e VUW i (p) +# m(p)W7 (p)dt], (12)

11



taking the limit

lim W (p) # WL(p)

dt—0 dt = wy(p) # wr(p) + [# u(p) # # L(MIWL(p) < O

for p <p. Therefore asp goes top, we should have:

Wi (p) # Wr(p) + # u(p) # #.(PIWL(P) " 0( Wg(p) $ WL(p). (13)
(10) and (13) imply that Wz (p) = W/(p). =

This no-deviation condition is quite unique for the two-armed bandit problem. This condition
is absent in an one-armed bandit problem. Most of the models in the literature on continuous
time learning models (Jovanovic (1979) and Moscarini (2005)) and continuous time games (see
amongst others, Sannikov (2009)) are essentially investigating a one-armed bandit problem. There,
we can directly look at equilibria in cuto! strategies, a theoretical foundation for which is given by
Rosenberg et al. (2007). In the one-armed bandit problems, the safe arm essentially is an absorbing
state so we only need to worry about the potential deviation from the risky arm to the safe arm®®
Then the no-deviation condition becomesWy(p) $ W//(p) = 0 but this is already implied by the
convexity property. 6

We provide some intuition for the no-deviation condition. By assuming Sequential Rationality,
i.e., the equilibrium is robust to a one-shot deviation, we basically impose that the equilibrium
wage is self-enforcing. There is no commitment to future realizations oK, and therefore of future
beliefsp. Now we can interpret W” as the marginal value of learning: W’ is the marginal change
of W with respect to the posterior p, and learning changesp and is therefore quantibed by the
change inW’ which is W”. The condition states that there is no deviation if the marginal value of
learning at p is same in both Prms.

But in our two-armed bandit problem, we prst need to answer the question whether there exist
non-cuto! stationary equilibria, i.e., a worker with p " [p1, p2) accepts the oler from a high type
Prm, with p " [p2, p3) accepts the oler from a low type brm and with p " [ps, ps) accepts the
oler from a high type brm again. Surprisingly, Lemmas 2b5 imply that all stationary competitive
equilibria must be in cuto! strategies.

Theorem 1 PAM is the unique stationary competitive equilibrium allocation under strict super-

modularity. Likewise for NAM under strict submodularity.

To prove this theorem, we only need to prove the following Claim:

15 For example, in our model assume pgr, = prr and the return in the low type firm is deterministic.
18Tn a model of option pricing by Dumas (1991), there does exist a condition on the second derivative called the
“super contact” condition. It arises as the optimal solution to the option pricing problem with proportional cost.
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Claim 2 Under strict supermodularity, it is impossible to have pP1 < P2 and equilibrium value

functions Wy (for p" [p1,p2]), W1 (for p<pi), Wro (for p>p2) such that:
Wg(p1) = Wra(p1)  and Wi (p1) = W74(p1)

Wr(p2) = Wra(p2) and W (p2) = Wis(p2)

are satisfied simultaneously.

Under strict submodularity, it is impossible to have P1 < P2 and equilibrium value functions W,

(for p" [p1,P2]), Wr1 (for p<p1), Waa (for p>p2) such that:
Wi (p1) = Wxa(p1) and W7 (p1) = W(p1)

Wi (p1) = Waa(p2) and W7 (p2) = Wia(p2)

are satisfied simultaneously.
Proof. In Appendix. =

This result states that it is not benepbal for a worker of type p to learn in the high type brm H
in the middle as long as there there are still typesp on both sides who work in the low type brms.
Given the above claim, it is easy to prove the theorem:

Proof. Under supermodularity, by Lemma 5, worker with su"ciently low pOs will accept low type
prmOs oler and worker with su"ciently high pOs will accept high type PrmOs oler. But 2 implies
it is impossible to have worker Prst accept low type brmOs oler, then accept high type prmOs oler
and Pnally accept low type PrmOs oler again. Hence, we must have some cutp!such that p < p
will accept low type PrmOs oler andp > p will accept high type prmOs oler. This is exactly a PAM
allocation. Use the same logic and you can see NAM is the only possible stationary competitive
equilibrium allocation under strict submodularity. =

Before we turn to the equilibrium distribution, we show that the no-deviation condition in
Lemma 5 is not just necessary but also su"cient under supermodularity:

Lemma 6 Under strict supermodularity, W'(p) = W' (p) @mplies that no deviation would happen
for the PAM equilibrium.

Proof. In Appendix. m
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4.2 The Equilibrium Distribution

The previous section shows that under strict supermodularity (submodularity), PAM (NAM) is

the unique stationary competitive equilibrium allocation. We still need to construct such an equi-
librium. To do that, we assume supermodularity and worker and brm monotonicity: (Ugg > W gL
and pury > Hrr)t’. Now consider a strictly positive assortative matching equilibrium such that
workers with beliefs less thanp will choose L Prms and workers with beliefs higher thanp will
chooseH brms. From equation (4) we hence havé;; =0 and k> > O fory = L and kg, =0 and
kKigr> Ofory = H. Let k;, = Kzo, ki = ki1 and workerOs value functions become:

W
wi(p) = 20 sk per gy (14
and
W
Wir(p) = ) 4y pton e pyo, (15)
where I
1. 1. 20+
$y = é + Z + > $ 1

Sy

To discuss market clearing conditions, we need to consider the ergodic distribution gOs. From
the Fokker-Planck (Kolmogorov forward) equation, the stationary and ergodic density f,, should
satisfy the following dilerential equation:

dyp) _ &

0= =4 = gl # T 4(p) (16)

The general solution to this dilerential equation is (see also Moscarini (2005)):

fy(p) = [fyop™ (1 # p)72 + f,1(1 # p)7vip7?] (17)
where !
0/91=#2+ 2’1+§;2;>#l
and !
0/922#;# %+§<#2.

Y
First, the integrability of f, requires that f,; = 0 if O is included in the domain and f 0 =0
if 1 is included in the domain. Second, the Fokker-Planck (Kolmogorov forward) equation is only
valid for p ¥ pp. Since there is a Bow in of new workers, fop = pp we should have a kink in the
density function. This also raises the issue of relative position betweepo and p. We Prst consider

1" Monotonicity is just to help us find one particular way to divide the surplus. The whole construction of equilibrium
also goes through if we do not make this assumption.
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the case wherep < po. We then derive in abbreviated format the result whenp > po.
Given any po " (0, 1), if p<po, then the density functions are:

fa(p) = [frop™ (1 # p)772 + f g1 (1# p)" ™ p"2]I(p<p " po)+ fr2(1# p)""*p""2I(p > po) (18)

and
fr(p) = frop™ (1# p)"2. (19)

The density functions are subject to the following boundary conditions. First, once the posterior
belief reaches the equilibrium separation pointp, we should have the cuto! condition:

#u(p+) fu(pt) =# L(p#)f L(p#). (20)

This condition guarantees that the Row of agents who crosg from below is equal to the Bow of
agents who cross from above. The implication is that since the speed from above#is larger
than # 1, the densities satsify f z(p+) < f L(p#). It is worth comparing this condition to the
standard condition when there is an absorbing state (Cox-Miller (1965), Dixit (1993), and Moscarini
(2005)). In the case with only one brownian motion and an absorbing state, what is required is
#(p+) f (pt) = 0 because the probability of obsorption in a time interval dt must equal speed of
the Row in of the brownian motion which is proportional to  dt (see Cox and Miller (1965, p.220)).
Therefore the speed must be zero near the absorbing boundary.
Second, total Bows in and out of the low type brms must balance:

#u(pt) Fu(pt) = "t +# L(p#)F 7 (p#).

The left-hand side of the above equation is the total inBow into low type brms, which are workers
who reachp and drop from the high type Prms. The right-hand side of the above equation is the
total outlRows from the low type Prms, which include workers who reaclp and transfer to high type
Prms and workers who are hit by the death shock.

Third, the density function has to be continuous at py (see also Bertola and Caballero (1990)):

fa(po#) = fu(pot) .

This condition is arbitrary in the sense that if it is not satisped, the distribution will still be ergodic.
It is customary to impose this condition as it approximates entry from a non-degenerate distribution
instead of entry of identical types po.

Finally, we have market clearing condition:

15



1 P
fu(p)dp="! and fr(p)dp=1#!.
0

P
In summary, when p < po, the equilibrium is characterized by a system of eight equations with
nine unknowns (Vz, Vi, Kz, kg, p, f mo, f . f 2, f £0): 8

Wx(p) = WL(p) (Equal value condition) (21)
Wi (p) = W(p) (Smooth pasting condition)  (22)
Wy (p) = W, (p) (No deviation condition)  (23)
#u(p+) fu(pt) =# L(p#)fL(P#) (Boundary condition)  (24)
1
fg(p)dp=! (Market clearing H) (25)
P
BfL(p)dpz 1#1 (Market clearing L) (26)
0
#u(pt) fiy(pt) = "(L# V) +# p(p#)f L (p#) (Flow equation at p) 27)
f(po#) = T (pot) (Continuous density at pg) (28)

Fortunately, Equations (24)D(28) can be solved separatly from Equations (21)D(23). In other
words, the procedure of solving this system of equation could be: Prst we solve jointly with
f go,f u1,f m2,f Lo from Equations (24)D(28) and then we plugp into Equations (21)D(23) to pin
down other unknowns.

Proposition 1 Equations (24)-(28) imply p < po if and only if:

%
# Po $’YH1_’YL2 "Is 125{ 0'2;) p’mz(l# p)’YHldp . I (29)
1# po "Is? "Popui(l# p)edp  1#

Moreover, if such p exists, it must be unique.
Proof. In Appendix. m

The proof of Proposition 1 is quite straightforward. The idea of the proof is the following: since
we have 5 equations with Pve unknowns, we can Prst expre$s;o, f y1,f n2,f Lo as a function of p
and then use the last equation to pin downp.

18 Observe that with more unknowns than variables, the solution to our system is indeterminate. In fact, there are
potentially a continuum of wages that can be supported in equilibrium, though the allocation will be unique. This
indeterminacy is as in Becker: the allocation is unique, but there may be multiple ways to split the surplus. In all
that follows, when we use the term uniqueness of equilibrium, we refer to the allocation, not to the wages.
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The existence and uniqueness of the solution to the system require thdtyo, f 771, f 72, f Lo change
monotonically with p. Fortunately, this is the case as shown in the appendix. First, from Equation
(26), we Pndf 1o is decreasing inp. Second, Equations (24) and (27) imply thatf zo,f ;1 are also
decreasing inp. Finally, Equation (28) tells us that fp» is also decreasing inp given f go, f 1
are decreasing inp. The monotonicity guarantees that if a solution exists, it must be unique.
Furthermore, it enables us to only investigate the boundaries when determining a solution exists.
This gives us Equation (29) given in the Proposition.

In the second casep $ po. Given any pp " (0,1), if p$ po, then the density functions are:

fr(p) = frop™ (1 # p)" 2I(p < po) +[fLap"™ (1 # p)"=2 + f2(1# p)"“*p"2]I(po " P" p) (30)

and
fa(p) = fro(1# p)rHipriz, (31)

Then the system of equations to determine the equilibrium is:

Wr(p) = WL(p) (Equal-value) (32)
Wi (p) = W(p) (Smooth-pasting) (33)
Wy (p) = W, (p) (No-deviation) (34)
#H(.B+) fa(pt)=# L(p#)f L(p#) (Boundary condition) (35)
1fH(p)dpz ! (Market clearing H) (36)

P
EfL(p)dpz 1#1 (Market clearing L) (37)

0
#r(p#)fL(p#) =" +# g(pt)f }I(E+) (Flow equation at p) (38)
fr(po#) = fr(pot) (Continuous density at pg) (39)

We can now prove the following Proposition, the counterpart to Proposition 1:

Proposition 2 Equations (35)-(39) imply p$ po if and only if:

"fg 2 O/QL  VH2 YH1
(&)7}11—%2 Is & 040 pr#2(1# p)rrdp !

1# po "Is2 "Popua(1# p)rradp T 1# 1

(40)

Moreover, if such p exists, it must be unique.

The idea for the proof of Proposition 2 is exactly the same as that for the proof of Proposition
1 and the proof is also shown in the appendix. Propositions 1 and 2 together provide a very nice
existence and uniqueness result:
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Theorem 2 Under strict supermodularity, for any pair (Po,! )" (0, 1)?, there exists a unique PAM
cutoff p. Moreover, p<po if and only if:

%

(PO s IS o P ?@# pndp

7 < .
1# po "Is2 " Ppua(L# p)redp  1# ! (41)

One of the nice properties about Equation (41) is that the whole equation only depends omy,
I',"/s? and"/s 2. This also gives us a feasible way to comput@o. Given po, !, "/s %, and "/s 2,
we Prst need to decide the sign of

(&)"/Hl—WLZ Is H oRo :

1# po "Is2 " Popui(l# p)adp 1#

If this sign is negative, then we know that p is smaller than pp and we can use the system of
equations in Case 1 to Pnd oufp. On the contrary, if this sign is not negative, then we know that
p is larger than po and we can use the system of equations in Case 2 to Pnd opt Therefore, we
can get a very convenient way to determine the equilibrium the equilibrium cuto! numerically.
Before presenting the numerical results, we have a simple theoretical comparative static result:

Corollary 1 p is strictly increasing in Po and decreasing in ! .

This corollary is proved in the appendix. But the intuition is quite clear: ! decreases means
there are more low type Prms in the economy and hencp has to increase to make sure that more
workers are matched with low type brms;pg increases means the overall quality of the workers is
becoming better in the economy andp has to increase to make sure that the low type Prms can
also be matched with better workers.

Mathematically, the relationships between p and "/s 12,{ "/s% are not clear. But intuitively
speaking, ass;, increases, the degree of supermodularity will decrease while the speed of learning
in low type Prms will increase. Both of them make the low type Prms more attractive such thatp
should increase ins;,. On the other hand, assy increases, both the degree of supermodularity and
the speed of learning in high type Prms will increase, which will lead to a decrease pf

Figure 4.2 plots the value ofp as a function ofsz, !, p o, for the case of PAM and with parameter
values: sy =0.15,s;, =0.05pp =0.5,! =0.5," =0.01.
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Figure 1: Equilibrium Cutoff
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4.3 Equilibrium Analysis: Value Functions

Theorem 2 implies that under supermodularity, the PAM cuto! p can be uniquely determined. But
given this p, we still have the following conditions to satisfy:

Wx(p) = WL(p) (Equal-value condition) (42)
W}I(Q) = WL(E) (Smooth-pasting condition) (43)
(P = W7(p) (No-deviation condition) (44)

The last problem is that Equations (42)-(44) are three equations for four unknowns. The
equilibrium is indeterminate in the sense that although the allocation p is unique, there could be
multiple ways to divide the surplus. One way to get rid of this problem is to assume monotonicity
and make, = 0. Then non-negative wage requires thatwy,(0) has to be zero and hence we have
Vr, = 0. Equations (42)-(44) then become:

#rv
$L+(F-)-) +kep™(L# P = HH(KH +kyp!m (L # P
HuL# Mrr ar loar SL#P . Hum# Wi 1—agy o 1HESH#D
Tkt (1# p) (9(1#9))— ot kap T (L# p) (79(1#9) )

K p*e 2(1# p) 1S (S # 1) = kyp (L # P S p($u # 1)
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This system of equations will give us a unique formula foVy:

$p(Sr# 1) u# $L)p
Su($r# 1)# (1# p)($L# $u)

Vi =(ULy # ULL) + (45)
Here $y = ugp # Uy and $;, = pyp # upr. Furthermore, it is easy to check that both kg

and k;, are strictly larger than zero such that the option value of learning is strictly positive.
Therefore, we Pnally reach our main result:

Theorem 3 Under strict supermodularity, the stationary competitive equilibrium is unique in the
sense that all equilibria are PAM and the allocation is uniquely determined by Theorem 2. Moreover,

assume monotonicity and normalize Vi, = 0, we can get a unique formula for Vg given by equation

(45).

5 Firm-dependent Volatility: oy

A valid criticism of our approach is that we give the H bPrms too much of an edge under supermodu-
larity (likewise for the L brms under submodularity). Not only are they superior in the production
of output, by assuming that the volatility # is common to both types of bPrms, electively the
signal-to-noise ratio is higher inH pPrms:

_ Bun# Wow  HuL# Urip
# #

= SL,

from supermodularity. With brm-dependent volatility, that need not be the case. In particular, for
#p su"ciently high, it may well be the case that sy <s.

Mere observation of the value function in Equation (3), "W (p) = H,(p) # V, +# y(p)W;'(p) #
"W,(p), reveals that Prm-dependent volatility will play a crucial role here. Since #, = 3p*(1# p)s?,
for su'ciently high #y and therefore lowsy, it appears intuitive that the value Wy can be smaller
than the value of Wy, for high p. It turns out that this intuition is wrong. First, in this competitive
equilibrium, wages are endogenous and therefore as the value of learning changes, so dogg)# V,.
Second, the no-deviation condition requires that at the marginal typep, Wy = W/. It turns out
that as a result these two features, in equilibrium the learning elect is the same in both brms, no
matter what the volatility #, is.

To make this argument formal, when#y ¥ #;, we generally dePnes, = (U, # Uiy )#,, Y =
H,L . Itis trivial to show that belief updating also satispes the formula:

dp; = py(1# py)s,d2, ;.

Furthermore, Lemmas 2D5 still hold because none of these results depend explicitly é. Then
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we only need to show that Claim 2 extends. Here we adopt a dilerent approach to prove Claim
2_19

Proof. Suppose the situation described by the claim is the case. Then the value-matching condi-
tions imply:

wr(p) +# g(P)W5H(PD) = wr(ps) +# £(p1)W71(p1)
and

wr(p2) +# g(P2)W5(P2) = wr(p2) +# L(p2)W7a(p2).

The no-deviation conditions imply:

2

s2 # g2 s
%(r +")Wph(p) = wi(p)# STLWH(pl)
It Ji
and
s2# s? . s?
T(f +")Wg(p2) = wr(p2)# STWH(Pz)-
ji jit

It follows then that:

2

s2 # s? . _ s?
?(f + ")Wg(p2) # Wg(p1)] = [wr(p2) # wr(p1)] # g[WH(pZ) # wr(po)].

Wy is convex andW’,(py) > ﬁ by Lemma 4. Therefore, we have:

s2# s? s2
Sf$ L(p2# p1) < $ (P2 # po) # 87$ a(p2# p1),
H H

which implies: $ ; < $ ;. Contradiction! =

With the proof of Claim 2 in hand, the result of Theorem 1 immediately extends: PAM (NAM)
is the unique stationary competitive equilibrium allocation under strict supermodularity (submod-
ularity) thus holds for any combination of (#y,#). Surprisingly, this implies that under strict
supermodularity, even if we have an extremely high#y such that the learning rate in high type
Prms is smaller than that in low type bPrms, we still have PAM. It is equivalent to assert that the
direct productivity consideration dominates the learning in our model. The reason comes from the
fact that the equilibrium wage schedules adjust to o!set the impact of change in learning rate. The
key insight here is the no-deviation condition. At p, the no-deviation condition requires that the
second-order elect on the value function is the same in both Prms. This second-order eledtV,’
exactly captures the elect of learning through #,(p)W,/(p) where #, = 3p*(1# p)?s2. Because

191t is a little bit tricky to prove the sufficiency of the no-deviation condition though because we have to consider
both sg ! sr and sg < sr cases. In the appendix, we show a proof for a generalized version of Lemma 6.
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Figure 2: Equilibrium Distribution of Posterior Beliefs
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equilibrium wages adjust to satisfy the no-deviation condition, the impact of dilerential learning
rates is completely o!set by the change of wage schedule, and the equilibrium allocation is solely
determined by the productivity consideration.

6 Predictions of the Model

We now turn to some of the predictions of the model.

Wage Gap at p
We start with an interesting observation:

$p(Sr# 1)S u# $L)p
$u$# L)# (1# p)(SL# )
< $Lp+ HLL = HL(pP).

Wr(p) = Ua(P)# Vg = $ gp+ UL #

This implies that the worker with posterior belief slightly higher than p will accept high type prmOs
o'er even though the wage provided by the high type brm is lower than the productivity at the
low type Prm. This obviously comes from the fact that the learning speed in the high type brm is
higher and this would compensate the loss in the Row wages.
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Figure 3: Equilibrium Distribution of Wages
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On the other hand, we can see that the di'erence in expected productivity atp is

Ha(P) # UL(p) = (Hur# UrL)+ (S g # $)p<rVy.

This implies the high type brm can enjoy a strictly positive rent from a higher learning speed.
BecauseV,, = 0, it immediately follows that the wage at p in H is lower than in L. This above
result does not depend on the assumptior’V;, = 0 and it could be generalized for any possible

division of surplus:

Lemma 7 Under strict supermodularity, for all stationary competitive equilibrium, we have: Wg (p) <

wr(p) and NV # Vi > U g(p) # UL(p).

Ergodic Distribution of Posterior Beliefs

In a steady state, equilibrium sorting transforms the normal output X; into a piecewise Levy
distribution of posterior beliefs p.

Observe the discontinuity in the density (and the subsequent kink in the cumulative) at p. This
is unlike the learning environments with an absorbing state where the density is continuous. Recall
that this is the result of equation (20), which ensures that the 3ows aroundp are balanced. Given
learning is faster in the H Prms, the Row fromH to L is larger than from L to H, and therefore
the measure of types must be smaller to the right ofp. At po the density is continuous but not
dilerentiable, which is due to the fact that there is a measure" of new entrants in each period.
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Note also that in this example, the density is increasing in the neighborhood op = 1. Whether
or not the density is increasing depends on the relation between the parameter value'ss, and the
equilibrium value of pg, as is shown in Moscarini (2005, Proposition 4).

Wages

The piece-wise Levy distribution of beliefs maps one-to-one into a wage distribution because of
competitive wage determination and the law of one price: for everyp there is exactly one wage
w(p). As a result, the wage distribution is also piece-wise Levy. Figure 3 plotsv(p) and the density
and cumulative distributions.

First, Figure 3A illustrates the wage gap we established earlier, i.e., here is a discontinuity in
the wage function w(p) at p. This follows immediately from value matching W (P) = Wy (p) and
the fact that learning is faster in H Prms. As a result, it must be the case thatwy (p) <w .(p). Of
course, the wage schedule is il type brms is steeperw’,(p) > w/ (p) due to faster learning.

The wage schedule transforms the belief distribution into the wage distribution. The disconti-
nuity in the wage schedule atp happens to coincide with the discontinuity in belief distribution.
Not surprisingly, as a result there is exactly one discontinuity in the density ofw at p.

Variance of Beliefs and Wages over the Life Cycle

We investigate the evolution of the posterior belief distribution. To that end, we focus on a group
of workers who enter into the market att = 0 and have not died at least at time T. This ensures
that we calculate the variance of a surviving cohort without the elect on the variance of the dying
workers. The selection of a decreasing population would underestimate the variance. Denote the
density function for the posterior beliefs at timet' T to be fyT(p,t). First notice that from the
Martingale property, for any t' T, the expectation of posterior belies at timet ' T should stay
the same: " "

P 1
E(t) = ) pf (p,)ydp+  pff(p,t)dp= po.

p

Or equivalently, using integration by parts:

1 d

d P d2 2
EQ , Pl LOTE(.0100+ Pl n(P (o0l

dt
p{fp[#L(p)fE (0.0l 1 # # (D) L (p.)

i p{;p[#H(p)fE(p,wnp:p} +# n(th(p.1) =0. (46)
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Our interest is with the variance of this distribution, which can be written as:

P 1
Var(t) = . p’f F(p,tydp+  p?*f (p, t)dp# pj.

P

Beginning with any initial distribution, the variance can of course decrease. However, as time
goes by, eventually the variance must start to increase. This is established in the following result.

Proposition 3 The variance of the distribution of beliefs will eventually increase.

Proof. The Fokker-Planck (Kolmogorov forward) equation implies:

dyp) _ #
dt ~ dp?

[#,(P)f 4 ()] (47)

Then integration by parts by parts and using the Fokker-Planck equation yields:

" » X d2 T ! 1 ) d2 .
P @[#L(IO)fL(p,t)]GllO+ , p @[#H(p)fH(p,t)]dp

pz{;p[#L(p)fLT (0. O1l=,d # 20% (D) F(p.1)

dV ar(t)
dt

# pz{jp[#ﬂ(p)fﬁ(p,o]u:p} +2p# () 5(p. 1)
1
+ Opz#L(p)f T(p,9dp+ 245 (p)f 5(p. t)dp. (48)

P

From Equation (46), Equation (48) could be further simplibed as:

dVv ar(t)
dt

= P a0 # PO,
1
. OPZ#L(p>fLT(p,t)dp+ 24 ()t 5(p. Hdp. (49)

P

The martingale convergence theorem implies that as goes toT and asT goes to inbnity, we have
both f 7(p,t) and f [ (p,t) go to zero forp" (0,1). Meanwhile,
"

P
i 2#(p)f L(p,)dp+  2#y(p)f £ (p,t)dp$ O.

P
Hence, we have lim-—_., Y1) ¢ 0. m

One feature of the standard learning model is that over he life cycle, the variance of wages
decreases. As time goes by, workers are increasingly likely to have found a high productivity
match, and eventually the posterior belief converges to one. As a result, the variance decreases and
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goes to zero. Yet, there is ample evidence that the variance of wages over the life cycle increases
and is concave. For some of the most recent evidence, see Heathcoate, Violante and Perri (2009).
This is not captured by the standard learning model. As we have shown in Proposition 4, the
variance of posterior beliefs must eventually increase. Proposition 4 below establishes that also the
distribution of wages will eventually increase.

This is not immediate from Proposition 4 since the wage function, while piece-wise linear, is
discontinuous with changing slopes. To that end, we establish in the following Lemma that ag
goes toT and asT goes to inbnity, we have bothffl(g,t) and fLT(E,t) go to zero forp™ (0,1). At

T
the same time, Wyaip’t) also goes to zero, which implies thatdi;z[#y(p)fyT(p, t)] will converge to zero

too.
Lemma 8 Ast goes to T and as T goes to infinity, both f};’(g,t) and fLT'(E,t) go to zero.

Proof. In Appendix. =

Proposition 4 The variance of the distribution of wages will eventually increase.

Proof. From the above Lemma, ast goes toT and asT goes to inPnity, we have:

d » P d?
avar,(t) _ WL(p)Zw[#L(p)fLT(p,t)]dp"'

1 d2
dt 0 , WH(D)ZE[#H(D)fEI(p,t)]dp

! 2 a ! 1 2
# 2B Opr(p)fpz[#L(p)fﬂp.t)]dm wH(p>(fp2[#H<p)f§<p.t)]dp}

P

will converge to

P 1
. 282# (DL (p,)dp+ 28 %# p(p)f (p,)dp$ O.

p

7 On-the-job Human Capital Accumulation

On the job, workers and bPrms not only learn about their unknown innate skills, they also accumu-
late human capital. In reality, human capital accumulation is an ongoing, continuous process. The
longer the tenure of a worker, the higher her productivity. This monotonically increasing relation
between tenure and human capital experience is likely also to be concave. For modeling purposes,
here we consider a very simple form that captures this relation. With probability & a worker be-
comes transitions from being unexperienced to being experienced. Once a worker is experienced,

2 Having a continuous relation between tenure and human capital renders the system of differential equations into
a system of partial differential equations. Typically there is no solution. In the current setup, there is an additional
state (experienced versus unexperienced) and the model remains tractable.
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her productivity increases to y,, + ', and the status of experience is complete informatiorf! Now
there are the same value functions for experienced workers as befové.

Wi(p) = Hy(p)+ " (p)# IV, +# S(P)W," (p) # "W (p)

where' (p) = p' g + (1 # p)' 1 is the expected experiencé? For the unexperienced worker there is
now one additional value function. As before, there are unexperienced workers who are matched
with L bPrms, and who continue to match with anL Prms; and there are those who match withH
Prms both when unexperienced as well as when experienced. We denote those values\by, , W
There are now also some typep who match with an L Prms when unexperienced and who switch
to an H Prm when they become experienced, the value of which is denoted bW ',;. This requires
that the reservation type of an experienced worker f°) is lower than that of the unexperienced
worker (p*). We start from this premise and later verify that this is indeed the case. The value
functions then are:

W (P) = Wy (p) # 1V, +# S(p)W,, (p) + &W,(p) # (" + &)W, (p)

W 4 (p) WL(p) # IV +# L(P)W, 7 (p) + &Wi(p) # (" + &W}(p)

Observe that even though experience is completely observable, it does alect the inference from
learning in the sense that the signal-to-noise ratio changes tol(m, + "5 # Ury # '1). As a result,
#, depends on experience, e.

#rv .
Wy (P) = % + kit (L# p) + Kip™ (1 # p)tT
&
&
¥ L [kGaP™ V(1 # P)V + kpp™i(1# p)i 9]
) G (r+ )
# rV p a u U iy
Wig(p) = u?(f)..i_F&L"' FaptTOL(L# p)°L + K p L (1# p)tTOL
&
+ T+ = &)[HH(D)"‘ "(p) # Vil
&. —at at e e —at
+ 2 kiP5 (1# p)*H + Kipop™in (1# p)* 0]
(&+"+r1)# fL)z(f +")
+ #rv
W;(p) — uy(p) (p) Yy + ke 1— cxu(l# p)a71+ kezp '/(1# p)l a

r+'

21 Observe that experience is worker dependent, but not firm dependent. While it is likely a realistic feature to have
experience dependent on the job type, the reason is that we would have a different level of experience for different
histories which makes the problem non-tractible.

221n this section we maintain the earlier assumption that oy = o1, = 0.
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where

1 1 20r+"+8&
=+ Z+2__ T g1
vo2 4I (s)? $

11 20+
==+ =+
=51 4 (s0)2

$1

There are now two cut-o!s p“, p°. Since we just want to comparep* and p°®, we can adopt the
following thought experiment. First, we assume that p* = p® = p. Then we can get two systems
of equations: one system is the value matching, smooth pasting and no-deviation conditions for
the unexperienced workers and the other one is for the experienced workers. Second, we can solve
$V = Vg # V, as what we did previously but now we can get two possible values for ¥. Denote
them to be $V*© and $V*. Notice that $ V° and $ V" are both increasing in the cuto! p. Finally,
we compare $V¢ and $V* under the assumption that p* = p°* = p. If $ V¢ > $V*, this means
that we should decreasep6 or increaseE“ and henceg“ >p¢ on the contrary, if $ V¢ < $ V¥, this
means that we should decreasp” or increasep® and hencep® < p“. We derive this in the Appendix
and can show this to hold when HC accumulation is not too dilerent for H and L types.

Proposition 5 Assume supermodularity and ' g + '. Then p®<p™.
Proof. In Appendix. m

With human capital accumulation, we can now characterize the entire equilibrium, including
wage schedules and the ergodic distribution of types. Even though there are types who gradually
learn they are of low productivity, wages need not decrease over the life cycle as they accumulate
human capital.

Turnover and Tenure. We express the expected future duration of a match by tenure(,(p).
Tenure relates inversely to turnover. (,(p) satisbes the following dilerential equation (see also
Moscarini 2005):

#,(P)(,/(p) # "p= #1,

with solutions:

* 1

*
& # $1 Va2 [GEE # gy o D12 1A 2/(s)7

1
(L(p)= 5 1# Ff’

p :
1# pv ’

* 1

*
& # %y, a2/ 1y $120- Tjarzs/sn)e

vy 1 P p .
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* * ]
1& # p$1/2_ 25/ (552 g p$1/z_ 1/4-25/(s5,)2
(H(p) = v 1# E 1# Ee !
* * [
1& # p$1/2* V4 2/G2 7 1y p$1/2* 1/4+25/(s2)2
(fp= 5 1# —

pe 1# Ee

An immediate implication of the Proposition above is the following:

Proposition 6 (Tenure) Assume supermodularity and ' i + 'r. Then, ($(p) > ( £(p) for p <p°

and (7(p) < (F(p) for p>p“. Forp" (p%p"), there is a cutoff such that ($(p) < ( g(p) for p
higher than this cutoff and (}(p) > ( 5;(p) for p smaller than this cutoff.

For the lowest typesp, tenure for the unexperienced worker is longer as the experienced workers
are more likely to be hired by anH Prm given positive information revelation. The opposite is true
for the highest p: the unexperienced types face a higher cut-o! type and will therefore upon bad
information be more likely to switch to an L brm. In the intermediate range, tenure depends on
how closep is to either of the cut-o!s.

Wages. In our benchmark model without HC accumulation and despite learning, expected wages
of a worker are constant, no matter the tenure. This is due to the martingale assumption, i.e.,
that the expected posterior belief is equal to the priorp. In conjunction with the fact that wages
are linear in beliefs, i.e.,wy(p) = H,(p) # rV,, also average wages in the economy are constant
irrespective of the distribution. At any point in time, the average belief is pg and given linearity,
the average wage isv(po).

This is not the case when there is HC accumulation. Now the both the expected wage of a
given worker and the average wage of a cohort are increasing over time. Sineg(p) > w ;(p) and
for an individual worker there is a transition rate from unexperienced into experienced of&, over
time expected wages increase.

8 Conclusion

In this paper, we have proposed a model of the labor market that unibes sorting and a learning-
based theory of turnover. In equilibrium under supermodularity, workers with better posteriors
about their ability tend to sort into more productive jobs, and over time, their posterior converges
to that of the high type. As a result, turnover decreases over the life cycle. Even though wage
variation conditional on type decreases, the inequality in the cross section of a cohort increases.
This can explain the increase of observed wage variation in the data.

The main technical contribution of this paper is the role of sequential rationality in the presence
of competitively determined payo!s. The one-shot deviation principle in conjunction with endoge-
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nous payo!s implies that the value function of the worker has a second derivative that is equal at
the cut-o! type. As a result, we now have a condition at the cuto! in addition to the standard
value-matching (zero-th derivative), smooth-pasting (Prst derivative) which is one additional order
higher: the no-deviation condition.

What is possibly most surprising is that the result of positive sorting under supermodularity is
not determined by the speed of learning. In the trade-o! between the learning speed and e"ciency,
e"ciency always takes the upper hand. As such, the equilibrium allocation does not depend on the
signal-to-noise ratio (the ratio of the average payo! gain, which measures the e"ciency, over the
noise term). This seems to indicate in this competitive environment the sorting aspect dominates

the learning.
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Appendix

Proof of Lemma 2

Proof. The workerp™ (0, 1) always has the choice that stays in one prny forever. Then the value

is “y(ﬁi}%. But obviously, this is not an optimal choice (Suppose not, then all of the workers will
stay in one type of brms and the market is not cleared). So we have that the equilibrium value

function W, (p) must satisfy: W,(p) > %. This immediately implies:

#,(PW,"(p) = (1 + "W, (p) # (W'(p) # V') > O.
So the equilibrium value functions W, convex forp" (0,1). m

Proof of Lemma 3

Proof. Suppose workers withp " [0, p) are employed by typey Prm. This implies that W,(p) =
M}"Vy + Kyop®v (1 # p)1~% since 0 is included in the domain. It is easy to see thawV ,/(0) =

Biv—¢ly > 0 and sinceW, is strictly convex, W, (p) > 0 for all p" [0, p). At p, worker will transfer
to type #y bPrm but smooth pasting condmon implies W’ (p) = W,(p) > 0. Strict convexity
implies Wé,(p) > 0 so on and so forth. Therefore, we must have the equilibrium value functions
W, are strictly increasing. m

Proof of Claim 2

Proof. Under supermodularity, suppose the situation described by the claim is the case. Then we
have:
wr(p) +# r(p1)W g (p1) = wr(p1) +# £(pP1)W71(p1)
and
Wr(p2) +# m(P2)W 7 (p2) = Wr(p2) +# L(p2) W T2(p2)
since
Wpr(p2) = Wra(p2) and Wy (p1) = Wra(pa).

Using the expression forwy, wy, and the fact that

H(P2) = W7o(p2) and W7 (p1) = W74(pa),
we can get:
s # s
S a#$L)(p2# p1) = v, LT# 1 (pr)W 5 (pr) # # 1 (p2) W 7 (p2)].-
H
Notice that H A H_!(L)I({')ZH“ L) Then the above equation can be rewritten as:

H

Su#s)Su+$ 1)
($ m)?

(F + ") [Wir(ps) # Wir(po)] = iflw a# S ) (P2 # p).

Meanwhile,
W (p2) # Wr(p1) > W 5(p1)(p2 # p1)
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by strict convexity and
W (p1) > P

from Lemma 5. These two inequalities imply:

(r + "MWg(p2) # Wr(p)] > $ r(p2 # p1)

under strict supermodularity. Hence, bnally we get: % < 1. Contradiction!
For the strict submodularity case, it su"ces to relabel (H O by 13D andLaD by ¥O. The claim is
obviously correct given we have already proved the supermodularity result. m

Proof of Proposition 1

Proof. First, from Equation (26), we have:

1# |
(1 # p)reedp’

Denote A = fyop?#t(1 # p)7#2, B = (1 # p)#ip#2 and C = frop’ (1 # p)7*2. Then
Equations 24 and 27 imply:

fro=

)H+)Lic+ "(1#1)

A= N 7
Du s p(L# p)s%) u
and YL # )m S? ( )
#)g s "(1# !
B =#.L Loy ——" 7
Du s p(L# p)s?) u
Here, 1 I
1 2" 1 2
)L: Z+Sz>)H— Z+g>1/2
Now we have:
f o= )H+)LSL( p )UL—WH()/{p 1#! "(l# )pi_ﬂH(l# p)2+77H
Dy 1#p o (1 # p)'Ydep SH)

pz TNH(1# p)z+’7H must be decreasing inp since 5 1#)u<0 and +)y > 0.
Meanwhile, notice that

i y - dp = ()L# ) i)

NL—MH = £
N Gy

nL—nu—1 2
( 1#p 1# p) (1# p) dp.

Let Gi(p) = p"et(1# p)?=2 and Gu(p) = ( ﬁ)"L—"H—l(ﬁ)z. We have:

is increasing inp. Therefore, we must have:
( p )77L na n//‘1b 1# !
E 0 p’YLl(l# p)“/dep
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is decreasing inp®3. Sof{! is decreasing inp.
Similarly,

)L# )H SL

nL* MH gy, 1#1 "(l# ) 1+77H
o ) ) u
H

P
( 1#p glpwf(l# )% dp s%,)H

(1# p)z .

Obviously, #p2+’7H(1# p)z ~"1 is decreasing inp.

Meanwhile "
O T P 1 G A G St
1#p 0 H 1# p #p P

Let Ga(p) = ( £&;)"* "~ 1(1;)? and we have:

Gi(p) _
Gs(p)

is decreasing inp. Therefore, we must have:

p~z (L # p) T

p 1#1

)77L+ NH Q.

1# p Tl # p)tdp

#(

is decreasing inp and hencef ; 1 is also decreasing imp.
From Equation 28, o
0 _
(2= 1 ) T+ 1L
is also decreasing inp. Therefore we can expressmg H,fH and 1 as "o(p), "1(p) and '2(p)
respectively such that'y'< 0,'; < 0and',’ < 0.
Hence, the market clearing condition 25 implies:

n n

0 H H H H 1 H H
H(p) = ’ [o(Pp™ (1# p)’2 + "1(p)p’2 (1 # p)’t [dp+  "2(p)p™2 (L# p)"t dp=!.

p Po

It is easy to see thatH’ < 0 since’'o’ < 0,'1’ < 0 and'2’ < 0. Therefore, there existsp " (0, po)
such that H(p) = ! if and only if lim , o H(x) >! and lim,_,, H(x) <! .
It is easy to verify thatas p& 0,f4' = "o(p) &, andf{’ = "1(p) & 0. We thus have:

imH(X) &, >1!.
z—0

1wt (1# p)"t' dp. Notice that

%
Meanwhile, whenp & po, it is obvious that H(p) & gof

2 1#!
fH - ¢H Po le—wzH_FfH& St ,_Po Nt nH gy
2 = Tolgyp) ! %{( 1# po 2ot (L# p) 2 dp

aspé& po.

Ga(p) J¢ Ga(p)dp
Gi(p) W
is true because by the definition of Riemann integral, fog G1(p)dp and fo G2(p)dp could be written as the limit of

Riemann sum. The ratio of two Riemann sums is always decreasing in p since cfEi ; is decreasing in p.

2 Actually, we are using the result that if is decreasing in p, then will also be decreasing in p. This
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Therefore, lim,_,, H(x) <! if and only if:

"
( Po )Lt i Oy 1#1
1# po ‘1?0 p’YLl(]_# p)’Ydep o

2

p’YHZ(l# p)'YHldp < !’

which gives us the condition in the proposition. Moreover, sinceH is strictly decreasing, the
solution to H(x) = ! must be at most one. This completes our proof of Proposition 1.m

Proof of Corollary 1

Proof. Itis also straightforward to prove Corollary 1 from the equation H (p;!,p o) = ! . Obviously,
H is linearin (1# !). So as! increases)/ (1# !) increases and we have to decreageto keep the
equation. On the other hand,

*

H H H
= "o(p)pgt (1# po)2 + ' 1(p)py (1 # po)vf’ # " 2(p)p (L# po)t’

o O = .
v 2P ra g ot
*Po

Ppo

It is easy to verify that the Prst term is zero while the second term is negative. Hencél (p;!, p o)
is decreasing inpp and we have to increasep to keep the equation aspp increases.
The proof for the comparative statics for p > po case is similar and hence is omitted. m

Proof of Proposition 2

Proof. First, from equation (36), we have:

fHo = % .
Ho :Lp’mz(]_# p)“/Hldp

Denote A = lep’YLl(l# )VLZ, B = fr(1# E)VME’VLZ and C = fyo(l # E)WHEVHZ. Then
Equations (35) and (38) imply:

L #) s, , "

A= PHov
L s% p(l# p)s?)
and )
g )it )uSya, "
2 s? p(1# p)s?) L
Here, I !
1 2 1 2
)L = Z+Sz>)H_ Z+g>1/2-

It is easy to see thatf yo,fz1,f 2 are increasing inp and hencef 1o is also increasing inp by
Equation (39). B a

Hence, we can expres$ yo,fr1,f 2 as'o(p), '1(p) and '2(p) respectively such that 'y’ > 0,
i/>0and'y > 0. a a a
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Finally, the market clearing condition (37) implies:

Po

p
H(p) = "o(P)P"H (1 # p)'t2dp+ [1(p)p" (1 # p)722 + "2(p)p'™2 (1L # p)" 1 ]dp=1 # |
P . P P P

Ppo

Obviously, H (3 is strictly increasing, which guarantees the solution is unique if it exists and
lim,_,, H(x)" 1# ! will give us Equation (40) in Proposition 2. m

Proof of Lemma 6

Proof. Here we will try to prove a generalized version of Lemma 6. More specibcally, we want to
show that Lemma 6 is true for any combination of (Sg, Sr.).

First of all, we want to show all of the one-shot deviations are ruled out by our no-deviation
condition asdt & O.

Under strict supermodularity, the value functions are given by:

wrz.(p)

Wi(p) = o + ke (1# i

and

WP 1 kypton (Lt pys.

Wg(p) = -~

Let
© $.#p

p(1# p)
1# #
$H p) < o
p(1# p)
be the Prst derivatives for the non-linear parts of the value functions. Smooth pasting ap implies:

Gr(p) = kpp™=(1# p)t=ox(

)>0

and
Gu(p) = kygp™ 7 (1# p)™(

$ $
G = St Ga(p).

For p <p, dePne:

zy = tim PRV < o))+ B () # L IW )

2

s2 # s2
= wy(p) # wr(p) + Hsz L#t L(P)W ' (p)
L

2

2
= wig(p) # wr () + 15 S ((r + )W (p) # wi(p).
L

Obviously, we have lim, », Z(p) = 0 from Lemma 5. If we can show that Z(p) is increasing
in p asp increases from O top, then we are done. Notice that
s2 s2 # s?

ZiP =8 w# 2L+ TLEL(r+ W)
L L
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and WL(p) lies between % and L + Gy (p) for p" [0, p].2
If s2, $ s2, then
s # s2 . $

L,, =S g#3$.>0;

2
ZiP S Su# A8+
L

if <2 2
if s, <s7, then

2 2
Zi(M$ $u# g, + " Sl 2Ly G (p)]
ST, ST, -
2
=$ y# 2%$L+ #SL( $ T+ Gu(p)]
L
s2 s2 #
i($H# $.)+ & L(r+ ")Gr(p) > 0.
L L

Therefore, we conclude thatZ) (p) > 0 for both sy $ s; and sy < s cases, which implies
that Z(p) < O for all p < p and hence there is no probtable one-shot deviation adt is su"ciently
small. B

For p > p, similarly debne:

Z4(p) = lim Wi(p) # Wx(p) _

im - = wr(p) # wr(p) + [# £(p) # # w(P)IW (). (50)

Under PAM equilibrium, we have Zy(p) =0 from Lemma 5. Secondly, notice that

2 2

Z(p) = Wi P)# i () £ ()% # (I () = W () g () 55 7 (4" Wiy () # i ().
H

with W/, (p) lies between L + Gy(p) and L for p" [p,1].25 Hence, ifs2 >s2,

7"+6
Zi(p)' $L#Su<O;

. 1 2
and if s7 ' s%

<2
Zy(p) ' $L# L$H+
S

2 4 o2
s#sH

(r+ ")(

+ Gr(p) < 0.

Therefore, Z/,;(p) < O for both sy $ sy, and sy <s, cases and henc& i (p) < 0 for all p > p.
Second, since there is no one-shot deviation for anp, obviously there will be no anyfother

deviation for any p. Consider any deviation starting at p. Then the above result says it is better

not to deviate for at least dt time. Suppose afterdt, we achieve a newp’. Similarly, there should

24This comes from the fact that "
P o -1,4L P
G =kr(——)" —_—
L (p) = ki(= p) (= » )
is increasing in p.
B This comes from the fact that L T B
Pyay —1 ar p
GH p) = kH H
(p) ( ’ ) ) )

is decreasing in p.
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be no deviation for at leastdt’ time. Iterate using the same logic and we can see that any deviation
is not probtable. =

Proof of Lemma 8

Proof. First of all, as t goes toT and asT goes to inPnity, we have:

|02[#y(p)f y (P, )]

goes to
#,(D)f (1) + Sop(L# p)(L# 20)f [ (p. ).

We actually have to consider three cases:

1. p=1/2. This implies that fT”(p,t) has to go to zero. And by the Taylor expansion, for any
p <p and p su“ciently close to p,

fi(pt)=fi(pt)+ f1'(p,t)(p# p)
goes to zero. This implies thatf LT’(E, t) goes to zero. Similarly, we havef g’(g, t) goes to zero.

2. p< 1U2. This implies that fT’(p,t) and fT”(p, t) have opposite signs. Now consider any
p <p and p su“ciently close to p, then

fLp.0=f O+ (R O(p# )+ 3 2 7(p, O(p# p)?
should go to zero. This can only happen if

; T Tn —
lt_)lem_) fo(p,t)y=f7"(p,t)=0.

From equation (46), it is immediately to see that f%’(g,t) should also go to zero.
3. p> V2. The proof is similar to the proof for case 2.
u

On the Job Human Capital Accumulation

Under the assumption ofp* = p® = p, the value functions could be written down as:

u K (p) # V, u —a¥ al U N —a¥
Wi(p) = H"‘ kylpl v(1# p)*v + kypop*v (1 # p)t
& 1
: s kg (L # ) + kP (L# )]
(&+"+T1)# T)z(r + !
+ #V,
Wy@(p) - My(p) r+(p) Y4 ke 1— ay(l# p)ay + kezp y(l# )1 ag
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where

1 1+2(r+ + &)

P -
.1 1 2(r+")
=3t 2t e
Notice that W (p) could be further written as:
# V 7au au m au 7C¥“’
i) = BB e pii e gy ke p)t
&(S},‘)j
(s5) .
# e [by(P) + " (P) # V]
(F+ "+ Q&+ "+ 1) # Gl (r+")
&
+ - ez Wy (p)
(&+ "+ r)# W(H )
Similarly,
WEi(p) = Wi(p), WL (P = WH(p), WL'(p)= WH'(p)
would imply:
. GETH#E LGS u# S )P
VS = # + a =
= (e # W)Y ge e a1 e (L7 p)(S5 # $5)
And from

W) = WH(p), Wi (p)= WH(p), Wi (p)= Wg'(p),

we can get another equilibrium payo! V}; as:

. AL By By &' 1# Ay 1# A
vy o= g DLEH, vy #

b (Mrm BLAHU-LL) A T+ + &( B, B,
By $%($7# 1)(Dp# Dr)p

ApSu(Sus 1)# (1# p)($u # Sy’

)

where
D A7H$ 4 1# Ag &
H By " By r+"+ &
A 1# A, &%,
= — #
Dr BL$L B, r+"+ &
(s%)? (s§)?
Ag=1# — By=(&+"+r)# . (r+")
1R (s ( (s5)?
Ar=1%# (Sli)z Br=(&+"+r)# (Slfi)z(r+")
(s7)? (s7)?

38



Proof of Proposition 5

Proof. Supermodularity is equivalentto $ ;7 > $ 7, and 'y + ' is equivalent to $¢ & 0. The
proof cand be divided into three parts. We want to show:

1.

AL By By &' 1# Ay, 1# Ap
#—— # — # < #
(ML BLAHIJ-LL) AHr+"+&( B, B, ) < (M # ULL)

2. B

SH Dy #D)<$u# S,

An

and

3.

$H(S7# 1)p < $4L(S7# 1)p
L(SL# 1)# (L# p)(SL# $Y) < ($S # 1)# (1# p)($s # %)

u )2 uy)2
First of all, notice that EiH;2 > 85;2 since $5 > $ . And it is easy to see that 42 < 4= and
H L H L
LA > 1245 pecause of that. Hence we can get the Prst two inequalities.
For the last one, we can just compare:

p(Sr# D35S # 1) # (1# p)($7 # $7)]

and
(P # DISH(ST# L)# (1# p)($L# Sl

Notice this is equivalent to compare$Y%,($Y # 1)($ # $¢,) and $5,($5 # 1)($Y # $%). From
the expressions of$s, we have:

e e e e —_ n #2 #2
(ST # $)($L + $5 # 1) =2(r + )[($L+$ BE # G +8 5)2]
and
#2 #2
(B # SY)(SE+$H#H L) =2(r+ "+ &)[$72# $—2].
L H

Hence, when $ =0, we only need to compare:

(r+")$ur# 1S+ 3 # 1)

and
(r+"+ &$H(PL# 1)($7 + $4 # 1).

Meanwhile, we have:
2r + "+ &)
$7

mn n 2(r + l‘)
>(r+"+ &GS # By =(r+ "+ &)$§{$72
L

(r+")$ur# 18y =(r+ ")y
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and

2(r + " + &)

$4

2+ ")
$4

(r+ "8 # SE# 1) =(r+")($r#1)
>S(r+"+ &8P # 1)(SG# D =(r+"+&($:# 1)

since$; > $ 7. This implies:
a1 # 1)(ST# $5) >$ 1($L # 1)($1 # $F)

and therefore,

$H(SL# 1)p < $H(SL# 1)p
$U(SY# L)# (1# p)(SL#3Y)  $4(S5# 1)# (1# p) (S # %)

Then V} < V5, and as a resultp® <p“. QED. m
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