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Abstract

We consider the problem of detecting unobserved heterogeneity, that is, the
problem of testing the absence of random individual effects in a n x T panel.
We establish a local asymptotic normality property (with respect to intercept,
regression coefficient, scale parameter 02, and the parameter of interest o2, for
fixed density f1), when n tend to infinity and T is fixed. This result allows
for developing asymptotically optimal parametric procedures for o2 under spec-
ified densitiesf;. The pseudo-Gaussian tests (optimal under Gaussian densities
but valid under non-Gaussian ones) are investigated. Rank-based versions of the
optimal parametric procedures are also provided. These tests are locally asymp-
totically optimal at correctly specified innovation densities. The limiting distri-
bution of our test statistics is obtained both under the null and under sequences
of contiguous alternatives. A local asymptotic linearity property is established
in order to control for the effect of substituting estimated values for nuisance
parameters. The asymptotic relative efficiencies of the proposed procedures with
respect to the corresponding pseudo-Gaussian parametric tests are derived, and
small-sample performances are investigated via a Monte-Carlo study.

Key words and phrases : Random effects, panel data, rank tests, local asymptotic
normality.

1 Introduction.

1.1 Testing for random effects in panel data.

Panel data consist of a series of T' observations made through time over a number n of cross-
sectional items or experimental units. By combining cross-sectional and time-series features,
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panel data methods are able to identify and estimate effects that are not detectable via pure
cross-sectional or time-series methods, while controlling for individual heterogeneity and taking
into account dynamics; see Baltagi (2005) for background reading. Throughout, we consider the
model

Yii = o+ B'xi + vt i=1,...,n, t=1,...,T, (1.1)

with ¢ denoting individuals or experimental units and ¢ denoting time; Y;; is the observed
response for individual ¢ at time ¢, x;; is a vector of K nonstochastic exogenous regressors, and
(u, ') is a (K +1) x 1 unknown regression parameter. We will assume that the disturbances v;;
follow a one-way error component model

Vit = U; + €4, (1.2)

where u; denotes unobserved individual-specific random effect and ¢;; is the error term. We
assume that the u;’s are i.i.d. (0,02), that the e;’s are i.i.d. (0,0%), and that u; and ¢j; are
mutually independent for all 4,7, and ¢. Note that the individual effects u; are constant over
time, and account for autocorrelation among the data, with corr(vy,vis) = o2/(02 + o?) for
t # s. This random effect model is closer to repeated measurement than to time series models,
as corr (v, vis) remains the same irrespective of the time lag t — s: for given 4, the v;’s thus are
not mixing nor weakly dependent in any sense. Moreover, this autocorrelation is the same for
all individuals.

Failing to take that autocorrelation structure into account when estimating the model, e.g.
by ordinary least squares (OLS), may lead to seriously biased estimators and invalid testing
procedures (Scott and Holt 1982; Moulton 1986). Therefore, it is important to be able to
perform a preliminary test of the hypothesis that the Variance component o2 for individual
effect is zero, that is, Ho : 02 = 0, versus the alternative Hj : 02 > 0.

A popular method for deriving locally optimal tests is the Lagrange Multiplier method based
on Gaussian likelihoods. That approach has been considered by Breusch and Pagan (1980), who
propose a test of Hy based on the (“two-sided”) Lagrange Multiplier test statistic,
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where 7;; denotes the OLS residuals obtained under Hg. This statistic is asymptotically x? (as
both n — oo and T' — o0) under Hy, and is easy to compute, as it only requires OLS residuals.
Honda (1985) and King and Evans (1986) observed that a “one-sided” Lagrange Multiplier test,
based on the asymptotically standard normal distribution of

T n T T n T
T8 =\ |2 3 /> Y
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is sizeably more powerful in this inherently one-sided problem. Honda (1985) also established the

robustness to nonnormal errors of the asymptotic normality (as n — oo and T'— o0) of T}(Iondg,
unfortunately, as shown by Moulton and Randolph (1989), the finite-sample performance of
tests based on that normal approximation can be pretty poor, even in fairly large samples. This
occurs if either there are many regressors or the regressors are highly correlated within groups.
They suggest an alternative standardized Lagrange Multiplier statistic, whose asymptotic critical

values are generally much closer to the exact critical values than those of the original one. An



alternative derivation of the Breusch and Pagan statistic has been obtained by Chesher (1984).
Lagrange multiplier tests also have been derived by Hamerle (1990), Orme (1993), Jacqmin-
Gadda and Commenges (1995), and Lin (1997) for generalized linear model versions of (1.1).

Small T" values, however, are the rule rather than the exception in this context. In a fixed-T
setup, Wooldridge (2002) recently proposed the test statistic

1/2
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which is asymptotically standard normal (as n — oo under fixed T'). As pointed out by
Wooldridge (2002, p. 265) himself, that statistic can be interpreted as a test statistic for the
problem of detecting serial correlation among the v;’s.

While none of the previous tests require specifying the distribution of random effects, they
still are of a parametric nature, and require finite moments of order two. One way of avoiding
such assumptions consists in basing the tests on statistics that are measurable with respect to
invariant or distribution-free quantities such as ranks. The main objective of this paper is to
construct, for the problem of testing the null hypothesis Hy of no random effects, rank-based
tests which are asymptotically (as n — oo, under fixed T') distribution-free and hence remain
(asymptotically) valid under extremely mild assumptions—in particular, in the absence of any
moment assumptions—while retaining optimality (in the Le Cam sense) at correctly specified
densities.

For instance, the normal-score or van der Waerden rank test rejecting the null hypothesis of
no random effects for large values of

T (n) (n)
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where ® is the standard normal distribution function, ﬁ an appropriate estimator of 3,
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Rl(f)(ﬂ) stands for the rank of Z;; := Y — u — B'x;; among Z11, ..., Z,r (this rank does not
depend on g, which justifies the notation), a ~ 0.4549 (see (2.2)) and sg:) is defined in (4.2),
is distribution-free under the hypothesis of no random effects, asymptotically optimal against
Gaussian local alternatives, and asymptotically equivalent (as n — oo, under fixed T') to the
Honda test under Gaussian densities. Although asymptotic relative efficiency (ARE) compar-
isons between this van der Waerden test and Honda’s classical one are somewhat unfair to van
der Waerden (since T}(I 7 requires 1T — oo while If((fvbv) does not), the AREs (see Section 4.4) of

onda

Ivc(lv\;—based tests with respect to the T}(IZQQ -based ones are strictly larger than one under a very
broad range of densities. These theoretical findings are confirmed (Section 5) by finite-sample

simulations.
1.2 Outline of the paper.

The paper is organized as follows. In Section 2.1, we collect the main assumptions needed in
the sequel. Section 2.2 states the uniform local asymptotic normality (ULAN) result (for fixed



density f1 of the g;4’s) on which our construction (Section 3.1) of locally and asymptotically op-
timal tests is based. Due to the mixture nature of likelihoods under random individual effects,
establishing that ULAN result is particularly delicate. The special case of the pseudo-Gaussian
tests (optimal under Gaussian densities but valid under non-Gaussian ones) is investigated in
Section 3.2. In Section 4.1, we construct rank-based versions of the central sequences appear-
ing in the ULAN result and, in Section 4.2, derive the corresponding rank-based tests for the
absence of random effects. Some special cases (van der Warden and Wilcoxon scores) of the
proposed rank-based statistics are considered in Section 4.3. Asymptotic relative efficiencies
with respect to the pseudo-Gaussian tests are derived in Section 4.4. Section 5 provides some
simulation results assessing the finite-sample performance of the various tests proposed. Finally,
the appendix collects the proofs of ULAN and other technical results.

2 Uniform local asymptotic normality.

2.1 Notation and technical assumptions.
Denote by ngg,o% o the probability distribution of the observation (YYL),,Yén)/, .. ,Yﬁln)/)’ ,

where YZ(") = (Yi1,...,Yr) is generated by

Yii=p+B%i+u+ep=0x;+ui+ey, i=1,....n, t=1,...T,

where x;; = (xilt, x%t, ... ,xft( )/ is the K-tuple of explanatory variables for individual i at time ¢,

x; = (1,x5,), and 0 := (u,8') € REFL: {u;, i =1,...,n} is an unobservable i.i.d. sequence of
individual random effects with mean zero, variance o2, and density u — h(u) := (1/0y,)h1(u/0y);
{egit, i=1,...,n, t =1,...,T} is another unobservable i.i.d. sequence, with density € — f(g) :=
(1/0)fi(e/o), for some scale parameter o € R{ and f; in the class of standardized densities

Fo = {fl : /_OOO f1(z)dz =05 = /_11 fl(Z)dZ}-

Under f; € Fy, the e;4’s therefore have median zero and median absolute deviation o; this
standardization which, contrary to the usual one based on the mean and the standard error,
avoids all moment assumptions, plays the role of an identification constraint, and has no impact
on subsequent results. Finally, the individual effects u; and the disturbances ¢;; are assumed to
be mutually independent for all ¢, 7, and t.

Clearly, whenever o, = 0, the probability density h of individual effects has no impact on
the distribution of the observation; we emphasize that fact by writing ng}l or ngg’o; n
of Pf;:}h Iy whenever o, = 0.

instead

Our derivation of locally asymptotically optimal tests at density f; will be based on the
uniform local and asymptotic normality (ULAN) with respect to (8’,02,02)’, at (6’,52,0)', of
the families of distributions

P}(f?,)hl = { () 2. 10 e REFL 52> 0 and 05 > 0},

970-270-u7f17h1

This ULAN property requires some technical assumptions on the innovation density fi, the
asymptotic behavior of the regressors, and the density function A of individual random effects.

ASSUMPTION (A). The density f; is such that



(A1) f1 € Fo;
(A2) fi(z) > 0 for all z € R;
(A3) 2+ fi1(2) is C? on R, with derivatives f1 and fi; letting bp = —fl/fl and ¢y, = fl/fl,

/¢f1 ) f1(2)dz < oo, Zy(f1): /¢f1 ) f1(z)dz < oo,
and
Tolh) = [ 263,z < o,

which entails

Toolh) = [ Un(EaE A <00 and Keplf) = [ 260 (2)6n () i()dz < oo,

The set of all densities satisfying Assumption (A) will be denoted as F4. It should be stressed
that none of these assumptions requires the existence of any moment for the density fi;. They
are satisfied, for instance, for all Student distributions with v > 0 degrees of freedom, with

standardized densities f1(2) = f1.4,(2) = Cy\/ay(1 + a, 2% /v)~(H)/2  for which

(vt v+ 8v3 + 2702 + 40v + 20
To(f1) = (v+3) Tulh) = ( 441508 4 7102 + 1050 )
Tolf) =3l Taulf) =0, and Kowlf) =2t U2 (2

The same remark holds for the logistic distribution, with standardized density fi(z) = ¢1(2) :=
Vb exp(—vbz) /(1 +exp(—v/bz2))?, for which Zy(f1) = b/3, Ty (f1) = b*/5, Ts(f1) = (12+7%)/9,
Tyy(f1) = 0, and Kgy(f1) = b/2. The corresponding values for the Gaussian distribution, with
standardized density fi(z) = ¢1(2) := /a/2m exp(—az?/2), can be obtained by taking limits as
v — oo of the Student information quantities in (2.1):

Zs(f1) = a~ 04549, Ty(f1) =2a% Ts(f1) =3, Zuy(f1) =0, and Ksp(f1) =2a. (2.2

The normalizing constants C,,, a,, > 0, a > 0 and b > 0 are such that f; € Fy.

AssuMPTION (B). Let C™ := % 21 Zt 1 XX} Denoting by D™ the diagonal matrix with
elements (C™)y1, ..., (C") kg, deﬁne R .= (DM)~1/2Cc)(DM)~-1/2,

(B1) The limit lim,— R(™ =: R exists, is positive definite, and therefore factorizes into R =
(KK')~! for some full-rank K x K matrix K. Letting K™ := (D™)~1/2K, note that
K™ is also of full rank.

(B2) The classical Noether conditions hold: letting xk =— Z Xit )k

—(n)\?
maxi<;< (X‘t)k: — X
lim sisn (b ") 5=0, k=1, K t=1,..T
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Note that the Noether conditions also imply that

. )2
i s adi g gy g 41T

n—oo S S (Xit)}

AssumpTION (C).

(C1) /Ruhl(u)du =0 and /Rthl(u)du =1.

(C2) Letting z := (z1,...,27), Ky(u,y) =TI, fi(z —yu), and, for y > 0, K,(u,y) :=
0?K,(u,y)/0y?, the Fisher information associated with o,

Y .. 2
%/RT Uwoé 1 dz ify>0
Y — Tou(f1,y) = / T1 f1(z1 — yu) oy () (2.3)
R
TZy(f1) +27(T = )IZZ(f1) if y =0,

is continuous from the right at y = 0.

Assumption (C2) actually is an assumption involving the couple of densities (fi, h1). For all
f1 € Fa, let

Foip = {hl | hq and (f1,h1) satisfy Assumptions (C1) and (C2), respectively}.

2.2 ULAN.

As mentioned above, we first construct tests that are optimal at correctly specified densities, in
the sense of Le Cam’s asymptotic theory of statistical experiments; these tests settle the opti-
mality bounds our rank-based tests are to compete with. In this section we establish the uniform
local asymptotic normality (ULAN) result (with respect to intercept, regression coefficient, scale
parameter o2, and the parameter of interest o2, for fixed density fi) on which optimality will
be based.

Letting 9 = (6’,02,0)’, consider sequences of local alternatives of the form 9 + nféu(")’r("),
where

(n)

vi’ 0 0 1 0
v = 0 1 0 |, with Vgn) = ( 0 K™ ) )
0 0 1

and 7 = (Tl("),'rgn)’, ngn),nfn))l e RE+2Z Rar (indeed, Tén) is intrinsically nonegative) is such
that sup,, 7’7" < co. Defining

Zit = Zit(0,0'2) = Uﬁl(YVit — K _ﬁlxit), L= 15 RN = 1,' . >Ta

note that, under P§72270; 1

Appendix for a proof).

0Z(0,0?) coincides with £;;. We have the following result (see the



Proposition 2.1 Let Assumptions (B) and (C) hold. Fix f; € Fa and hy € Fey,. Then, the
Sfamily P}?)hl is ULAN (for n — oo with fized T) at any 9 = (8',0%,0), with central sequence

1 n T
(n) gvn ; t:z; P
fl;l(ﬂ) 1 n T
AL 0) o 2 2 O (G (KT i
AR = o | = 1Z:w=% (2.0
Ajs) o D> (Zady (Zi) — 1)
AL ®) ro
ﬁfijzwﬁawijz¢mmwmaﬁ
t=1 1£i=1
and full-rank information matriz
Lpi1(9) 0 Lpias(@) Tpa(d)
0 Tt .90 0 0
T/, (9) = si20) (25)

Lp13(9) 0 Lpi33(9) Tpa(@d) |7
Lp14(9) 0 Lp3a(@) Typpaa(9)

where

Cran®) = 5 To(f), Tram®) = Tk, Tras®) = 1 (J(f) 1)

T T T
Lpa3(d) = 253 Kep(f1), Tpa(@) = T‘gfqbw(fl), Lpy34(9) = @’Cqbw(fl)

and

Dpa®) i= — {Zu(f) + 2T = DIE()}

44

More precisely, for any ™= (u(™, B 2" 0) such that p™— p = O(n=1/2), (K("))_l(ﬁ(")—
B) = O(n='?) and 0*"-0? = O(n 1/2), and any bounded sequence 7™ € REF2 xR, we have

A,(;(Lr)mrnf%,,(n)T(n)/lg(n);fhhl = log (dP;(i)Jrn 3y(m)rn). £, hl/dpm(;’)l);fl)
AW @) — 2200 9)r ) 4 op(1)
and
APO) L NOT, @), 9= (1..0%0).
under P as n — oo with fized T.

S ON

Note the non-diagonal form of the information matrix I' ¢, (), which implies that the intercept
parameter ;1 and the scale parameters 02 and o2 are not mutually information-orthogonal. The
notation ASCT) (¥9) and I'f, () emphasizes the fact that the central sequence and the information
matrix do not depend on h;.



The Gaussian versions of (2.4) and (2.5) are

n T
a
ZZZM
ovn =4
a n T
Z Z Zit(K(n))/Xit
A(")w) _ ay/n i=1t=1
(aZy —1)
202\/ﬁi:1 t=1 '
1 n T T T
2 72 2
LS w0y Y i)
20%/n 5 LS ' t=11A£t=1
and
ac T 0 0 0
0 ao g 0 0
Ty (®) = 0 0 Lo=tr  laoiT ’
0 0 Yaoc™*T fa’0 417
respectively.

3 Optimal parametric tests and pseudo-Gaussian tests.

We are interested in testing the null hypothesis

Und=U U UPeeh

g1€Fo g1€F0 OeRE+L 520

optimality being sought against alternatives of the form

U U U U {Péna 025 fl,hl}

GcRE+1 2>0<7 >0 hlE]'—c‘fl

for some fixed “target” density fi € F4. The parameters u,3, and o2 thus are nuisance pa-
rameters, while o2 is the parameter of interest. The asymptotic covariances, in (2.5), between
the p-part A( r) | (09), the o?-part Agff;)g(ﬂ) and the o2-part A( ") .4(9) of (2.4) are not zero. This
implies, via Le Cam s Third Lemma, that a local perturbatlon of por o2 has the same asymp-
totic impact on A( ) 4(9) as alocal perturbation of o2: hence, the cost of not knowing the actual

values of u or o2 When performing inference on o2, in general (the Gaussian case, as far as p is

concerned, is an exception), will be strictly positive.

3.1 Optimal parametric tests.

ULAN and the convergence to of local experiments to the Gaussian shifts

Ay Cri(@) Tpias@) Tpaa(d) \ (7 Lpa1(®) Tpas(@) Tpp1a(9)
Az [~ N[ Tp3) Tps3(9) Tpza(@) || 73 || Trias@) Tryzz(d) Tyya(d)
Ay Cr0a(@) Tp3a(9) Tppaa(9) ) \ 72 Lp1a(®) Tp3a(9) Typpiaa(9)



imply that locally optimal inference on o2, in the presence of unspecified ;1 and o2, should be

based on the residual of the regression (in (3.6)), of Ay with respect to (A1, As)’, computed

at Agff;)zl(ﬂ) and (Agff)l (), Agff;)?,(ﬂ))’ . That residual, called the efficient central sequence for o2,
takes the form

() gy A) Trm®) Tras@) \ [ APL®)
Bpa®) = Af1;4(«9)—(Pf1;14(«9),rf1;34(«9))<F;;E(m Pi;i@) (A%i(ﬂ)

T
= Sprgm 22 2 On(Zu)on (Za): (3.7)

(n)

under Py 1o with 9 = (6’,02,0)’, it is asymptotically normal, with mean zero and variance

-1
D) = Ff1;44(’9)—(Ff1;14(19)7rf1;34(19))<?Qi;gg; g;;;gggg) (?Qf;jgzi)
T(T - 1)

= ng(fl) = T4 (07). (38)

Next, recall that a sequence 7™ of estimators of , defined over a sequence of experiments

{Pg,n) |y € T}, is n'/2(v(™)~consistent and asymptotically discrete if, under Pg,n), as n — oo,

(D1) n!2@™)~1(FM —5) = Op(1),

(D2) the number of possible values of 7™ in balls with O(n~1/2v(™) radius centered at = is
bounded as n — oo.

Note that any n'/ 2(1/(”))_1—consistent estimator 7(") is easily turned into a locally discrete
one %(;L) by letting ﬁg:) = ¢ Lsgn(3™) n= 120 [p1/2 (1))~ 1¢ |3 ], where [z] stands for the
smallest integer larger than or equal to z, for some arbitrary positive constant ¢ that does not
depend on n. Subscripts 4 in the sequel indicate such discretization. However, this discretization
is a purely technical requirement, with little practical implications under fixed n, as the constant
c can be chosen arbitrarily large.

Classical results on ULAN families (see, e.g., Chapter 11 of Le Cam 1986) then show that,

for any fixed f; € Fj4, locally uniformly asymptotically optimal (most stringent) tests of H;T) =

Up Uy2 {ngm;h} can be based on A;YQ (94), hence on T;:l(n) (94), with

T (@) = (T3 () A5 @), (3.9)

and 19# = (é(n)l,&i(n),O)’, where 9;?) and 6?2&(") are estimators satisfying (D1) and (D2) un-

der Pg?}l, with 9 = (6’,02,0)’. More precisely, we have the following result.

Proposition 3.1 Let Assumptions (B) and (C) hold, assume that 19# satisfies (D1) and (D2),
and fix fi € Fa. Then,

(i) for any 9 = (0',02,0), T;fl(n)('@#) = T;l(n)(ﬂ) + op(1) is asymptotically normal, with
. 1/2
mean zero and mean (T}, 44(9)) 27y under Pé?(ZQ’O;fl and P’l(;fgn_l/QV(")T;fl,hl (h1 € Foyf, ),
respectively, and variance one under both;



(ii) the sequence of tests (;55211) rejecting the null hypothesis H;T) as soon as T;l(n)('@#) ex-

ceeds the (1 — a)-quantile of the standard normal distribution, is locally asymptotically

most stringent, at asymptotic probability level a, for 'H;?) against alternatives of the form

(n)
Us Us2 U05>0 Uhle}—c\fl {P9702,Uﬁ;f17h1}'

An important advantage of the proposed test statistic T' ;l(n) (19#) is that it does not require
specifying the (standardized) density hq of random effects; on the other hand, the validity of the
test in principle is limited to the standardized disturbance density fi;. The Gaussian versions of
(3.7), (3.8) and (3.9), obtained for f; = ¢1, are given by

AL (9) - Zn:i i ZuZi, Thraa®) T 1)
i () = wit,  LnaalV) =T g
20%/n = = 52, 2
and
(n) a4 33
TV 0) = == YD D ZuZi (310
it it &gl
20 (T - 1) = = I£t=1
respectively.

3.2 Pseudo-Gaussian tests.

The central sequence Aj\%) (9) allows for asymptotically optimal tests under f; = ¢, hence for

efficient detection of random effects under Gaussian assumptions on the disturbance. Relaxing
that Gaussian assumption is of course highly desirable. Let us show that this is indeed possible,
and that the test based on (3.10) can be used as a pseudo-Gaussian test.

Define py(g1) == Jp 2%g1(2)dz, for k € N and consider the class F3 of all densities g; €
F4 such that pe(g1) < oo. Since the intercept p, the regression coefficients B, and the scale
parameter o2 under the null hypothesis remain unspecified, some care has to be taken with the
asymptotic impact of estimating p, B, and ¢ under unspecified density ¢g;. That impact on

A}k\%) (¥) can be obtained, via Le Cam’s Third Lemma, from the asymptotic behavior, under ng;l

@ = (0,02,0)), of

1 n
HZZ%J%)
n i=1t=1
§131(19) L ing (Zin) (K™M)Y'x
A;?;)2(19) _ oV t=1T o t
(n) o 1 n ’
Agl;?)(ﬁ) 20_2\/5 Z Z (Zit(bgl (Zzt) 1)
A;‘\(/_Q ©)) i=1t=1
; a2 n T T
QUQﬁZZ Z thZzl

which is asymptotically normal, with mean zero and block-diagonal covariance matrix

L Ts(91) 0 o5 Koo (1) 0

0 5 Zo(g)I 0 0

525 Kgo(91) 0 = (To(g) — 1) 0
0 0 0 'Y (ua(g1))?



It follows that A*(n) (¥), under P(n) , has the desirable property of being asymptotically uncorre-

lated with A(n 1), Ag 5 2(19) and A(n) 3(¥)—hence, asymptotically insensitive (in distribution),
(n)

under Pﬂ;g1 (¥ = (¢',0%,0)") and contiguous alternatives, to local perturbations of u, B, and o2.

") are to be replaced with
estimators. A stronger asymptotic equivalence in probability result, however, can be established,
based on the following asymptotic linearity result (which only considers perturbations of 8 =
(p, B'), since the linearity of Gaussian scores allows for controlling the non-specification of ¢
through the continuous mapping theorem).

This equivalence in distribution is not sufficient if 41, 8, and o2 in Tj\}(

Proposition 3.2 Let Assumptions (B) and (C) hold and fix € RET! 62 > 0, and g1 € F3.
Then, for any bounded sequence () € RE+1,

A0 + 0 V2™ 62,0) — AR08, 02,0) = op(1), (3.11)

under P( ")

9,020, 05T — OO with fixed T'.

The following proposition then is an immediate corollary to Proposition 3.2 and Lemma 4.4
in Kreiss (1987).

Proposition 3.3 Let Assumptions (B) and (C) hold, assume that 9# satisfies (D1) and (D2),
and fir @ € RETL 62 >0, and g1 € F%. Then *(n (0# ,02,0) — Aj\(ffﬁ(o,a%o) = op(1) under

Pé?g,o;gl, as n — oo with fived T.

Under Pé 32 Oig1? mgn) @) = (nT)' S, 2L (Yis — o — B'xi)? converges in probability
to 0?u2(g1). In practice, m§">(0) cannot be computed from the observations, and (Yj u;f)
ﬂ# th) is to be substituted for (Y — pu — f'x;:) in mgn) @) yleldmg m(n) = mgn) (0;&)) Since
the asymptotic covariance, under Pé;g’o;gl, g1 € F3, of \/_mZ (@) with (Agfl('ﬂ) Agl 2(19))' is

finite, a routine application of Le Cam’s third Lemma yields mgn) (9;?)) - mgn) (@) = op(1) under

(n)

0,020,917 91 S .7:31. Defining

1 1

n T T
) = 20T (T — 1) " 2.2 2 (Ya—p=Bxi) (Y — i — Bxu), (3.12)

we then have the following result.

Proposition 3.4 Let Assumptions (B) and (C) hold and assume that 9# satisfies (D1) and
(D2). Then,

(i) for any 9 = (0',0%,0)" and g1 € F3, T, *(n (0# ) = T;l(n)(O) + op(1) is asymptotically
normal, with mean zero and mean

(T -1)
2 74
V202 pa(g1)
under Pé )2 O:an and Pg_& 12 rigy (h1 € Feyg, ), respectively, and variance one un-
der both;

11



(ii) the sequence of tesfs)qﬁj\(/n) rejecting the null hypothesis H%)Q = Ugleff, Us U2 {ng?,o;gl}
as soon as T*(n) (0# ) exceeds the (1 — a)-quantile of the standard normal distribution is
locally asymptotically most stringent, at asymptotic probability level o, for w2 against

A

alternatives of the form UpUy2 Uy20 Uh1€fc‘¢1 ng ,0u7¢17h1}

The test statistic T;l(n) (ég: )) thus defines a pseudo-Gaussian test, that is, a test which is
optimal under Gaussian assumptions but remains valid under a much broader class of densities.

4 Optimal rank tests.

4.1 Rank-based versions of central sequences.

A serious drawback of the parametric tests of Section 3.1 is that their validity is restricted,
in general, to the correctly specified density f; they have been constructed for. As for the
pseudo-Gaussian tests of Section 3.2, they still require finite moments of order two; moreover,
for fixed n, the quality of the Gaussian approximation they are based on is likely to depend on
the actual underlying density.

Since a correct specification of the actual density ¢; in practice is highly unrealistic, the
problem has to be considered from a semiparametric point of view, where g; plays the role
of a nuisance. A general result by Hallin and Werker (2003) suggests that, in such context,
semiparametrically efficient (at selected g; = f1) tests can be obtained by conditioning the f;-
central sequence on the maximal invariant o-field associated with some appropriate generating
group.

More precisely, note that the null hypothes1s H(ﬂ) = Ugrer Uner Uszs0 {P (ﬂ, ) Ogl} is
invariant under the action of the group Qﬁ ,o of all transformations g, of R"” such that

G1(Y11s - - Ynr) = (B'x11 + L y11 — B'x11), - - B%pr + Uynr — B'x11)),

where z +— [(z) is continuous and monotone increasing and limzﬁiool( ) = Foo (the order-

(n)

preserving group); note that the Q ,o is a generating group for Hﬁ , and has maximal invari-
ant the vector of ranks (R(n) B),- .. ,Rgr}) (B)), where Rz(t )(ﬁ) denotes the rank of Yj; — pn — f'x;¢
among Y11 — pu — B'x11, ..., Yor — p— %7 (the Rgf) (B)’s do not depend on p, which justifies
the notation). The idea of considering tests that are measurable with respect to those ranks
looks quite natural and appealing, since such tests would be distribution-free (or asymptotically
so, since the unspecified 8 will have to be replaced with some estimator) and hopefully semi-
parametrically efficient. As we shall show, this is indeed the case, and semiparametric efficiency
moreover turns out to match parametric efficiency at the selected reference density f7.

The rank-based version é;le) (9) of the o2-efficient central sequence A;Efl) (¥) we plan to
base our tests on is

N L LML IR

i=1t=11

with o) = gty SN SN e (W) en (357) and ¢, = g 0 FyL

Beyond its role in the derivation of the asymptotic distribution of A (,3, 2), the fol-
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lowing asymptotic representation result shows that A*(n) (B,0?) is indeed another version of
(

the efficient central sequence A} *(n )(0) (compare (3.7) Wlth A;ﬁ}l; 4(¥) defined in (4.3) below).
Writing 321 <, 2. 2p,<n for a sum running over the (N!/(N — ¢)!) ordered g-tuples of distinct
integers in {1,..., N}, let

N
sy = 2:: Z (N:J‘P%(Nil) +'Y?1S#§USN¢3‘1(N:1)‘%(]\711)%(%“)
n 2

S T AT A A R O
where

T(T-1) _TI(T - 1)(T - 2) _ T(T—1)(nT? — (n+4)T +6)

TEONN—1) PTASNW-D(N-2) BT TANN-1)(N - 2)(N -3) °

and

T(T —1)(3nT? — (3n — 16)T — 32)
12 ‘

Defining the cross-information coefficient

Lo = [ on(F @)o (61 () du,

and denoting by F the class of all densities f; € Fa such that ¢y can be expressed as the
difference of two monotone increasing functions, we have the following result.

Proposition 4.1 Fiz 9 = (6',0%,0) (with 8 € RE*! and 0® > 0), f1 € Fa, and g1 € Fo.
Then,

1) under P(T_L) , as n — oo with fixed T,
%591
AN (B,0%) =BG AW )R (B), ..., REMB) +o0r2(1) = AT 9) + 012(1),

with (denoting by Gy the distribution function associated with gy)

n

™=

AR L (9) = v (G1(Zit)) o (GL(Zin)); (4.3)
J1,9154 202\/_ ;;Mhl n(G t))%¥ f1
(ii) under Pgngl (ﬁ, 2) has mean zero and variance F;E?24(02) o4 i( " = =T7% o o%)+

o(1) asn — oo wzth fized T, where I'}, 4, (0 %) was defined in (3.8);

(iii) Af1 g:4(0) is asymptotically normal with mean zero and mean (T(T —1)/20%) I;(fl,gl)m

under P1(9;s)71 and P(n)

9 in—1 2 (W) sy respectively, and variance F’}l.44(02) under both (the

. (n) .
claim under Pm_rﬁ1/21/(71)"_;917]11 further requires g1 € Fa and hy € Fgyg, )-

13



4.2 Optimal rank tests.

The parameters p, 8, and o2 remain unspecified under the null. Since only B has an influence
on the ranks, a consistent estimator ,B(n) has to be substituted for the actual 8 value, yielding

aligned ranks Rgf ) (ﬁ(n)). The effect of this alignement procedure is taken care of in a similar
way as in Section 3, via the asymptotic linearity results of Propositions 4.2 and 4.3 below.

Proposition 4.2 Let Assumptions (B) and (C) hold and fir p € R, B € RE, 62 >0, f, € Fa,
and g1 € Fa. Then, for any bounded sequence b e RX,

A (0 B+ nPK™ b™, 62, 0) — A" (1, 8,02,0) = op(1), (4.4)

(n)

under P 1B.02.0:91°

as n — oo with fived T.

The following proposition then is an immediate corollary of Proposition 4.2 and Lemma 4.4
in Kreiss (1987).

Proposition 4.3 Let Assumptions (B) and (C) hold, assume that B# satisfies (D1) and (D2),
and fir @ € RETL 02 >0, fi € Fa, and g1 € Fa. Then

A, BY 02,0 — A% (1, B,0%,0) = op(1),

(n)

under P 1B.02.0:917

as n — oo with fized T.

Local asymptotic optimality under density fi is achieved by the test based on

*(n *(n 71/2 *(n
T M) = (Te?) " A3 w) (4.5)

— R(n)(ﬂ) Rfln)(ﬂ) o\ _ e
- o 2 fen () (BE) -~ xive

More precisely, we have the following result.

Proposition 4.4 Let Assumptions (B) and (C) hold, assume that ,B# satisfies (D1) and (D2),
and fix fy € Fa. Then

(i) for any g1 € Fa, 1:;1(") (,B#) is asymptotically normal with mean zero and mean

T(T = 1)ZZ(f1,91)
4 * 2 1/2 T4
20 (Pf1;44(0 ))

and P( ")

(n)
under P 9an—1/20() g1 by

0,02,0;91
der both.

(h1 € Feyg, ), respectively, and variance one un-
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(ii) the sequence of tests qﬁ;gn) rejecting the null hypothesis

= U UU{PG 0, )

g1€EFA 0 o2

as soon as T (,3#) exceeds the (1 — «)-quantile of the standard normal distribution is

(n)

locally asymptotzcally most stringent, at asymptotic probability level «, for HA against

alternatives of the form UgUy2 Us20 Uh1€fcm {Pétlcz?,oi;fl,m}'

4.3 The van der Waerden and Wilcoxon test statistics.

The statistic T }?) (,B#) is providing a general form for the optimal rank tests of the null hypoth-
esis of absence of random effects. Important particular cases are the Wilcoxon (logistic scores)
and van der Waerden (normal scores) test statistics, which are optimal at logistic and normal
densities, respectively.

The van der Waerden tests use the standard normal reference density fi = ¢1. One easily
obtains that ¢y, (Fy '(u)) = a'/?®~!(u), where ® denotes the standard normal distribution
function. The resulting rank test statistic is then

"I (RYBON 1 (BYBO\
TB) = TiBy) = = 33 Y {a@ (H e 1(%}—6&’},

with
1 N(N —1) P N+1 N+1)°

In the Wilcoxon case, fi(z) = £1(2) := vVbexp(—vbz)/(1 + exp(—vbz))? is a standardized
logistic density. One easily checks that ¢y (F| Y(u)) = b/2u. Therefore, the Wilcoxon test
statistic takes the form

n T (n) (7 )4
“(n) gy ._ p*n) Ry (By)\ (R By)\ ()
TN (By) = T30y = \/ﬁ;tuzz{ <N+1)< N+1) C"l}’

with

ZL)— N_1) ZZ <N+1><Nil>'

r=1s#r=1

It is worth noting that the scale factors a (for van der Waerden) and b (for Wilcoxon) disappear

(n)

in the final expression of the test statistics, due to the (exact) standardization by S, and
(n)

Sy, » respectively. This confirms that our choice of the median of absolute deviations as a scale
parameter in the definition of Fy has no impact on the results.

4.4 Asymptotic relative efficiencies.

Propositions 3.4 and 4.4 allow for computing ARE values for the rank tests based on T, ( (,3#)
with respect to the pseudo-Gaussian tests based on T*(n) (0) these AREs as usual are obtamed
as ratios of the squares of the shifts of these test statlstlcs under local alternatives.
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Proposition 4.5 Let fi € Fa. Then, the asymptotic relative efficiencies, under g1 € F3, of
the rank tests based on 1:;1(") (ﬁ#) with respect to the pseudo-Gaussian tests based on T @) are

*(n) /p *(n) /p _ 2 2
AREy, (T70)/Tx™ 0)) = {pa(91)Z3(F1, 1) /s (1)} (4.6)

Strictly speaking, however, the interpretation of (4.6) as an ARE value only holds for individual
effect standardized densities hy € F¢yg, -

Numerical values of the ARE values of Proposition 4.5, under t3, t5, tg, t19, t29, normal, and
logistic densities, are displayed in Table 1. These values all are good, particularly so under heavy
tails (see the Student density with 3 degrees of freedom). Also, the AREs of the van der Waerden
tests are uniformly larger than or equal to one for all distributions considered in Table 1, and
are equal to one in the Gaussian case only. Since the AREs in (4.6) are the squares of those
obtained in univariate location problems, this is a general result: the Chernoff-Savage (1958)
property extends to the problem considered in this paper, showing that our van der Waerden
rank tests, from the Pitman point of view, uniformly dominate their pseudo-Gaussian parametric
competitors.

actual density ¢;

fl,tq fl,t:, fl,tg fl,tm fl,tgn P1 b
fi., | 40000 1.4923 1.0498 0.9498 0.7917 0.6718 1.0851
fM5 3.8202 1.5625 1.1667 1.0783 0.9401 0.8370 1.1857
fie | 35284 15319 1.1901 1.1158 1.0029 0.9232 1.1993
scores flyt10 3.3960 1.5061 1.1870 1.1187 1.0168 0.9476 1.1933
Ji, | 3:0768  1.4272 1.1597 1.1053 1.0292 0.9851 1.1610

¢1 | 2.6873 1.3079 1.0986 1.0601 1.0139 1.0000 1.0966

2 3.6091 1.5405 1.1869 1.1101 0.9936 0.9119 1.2026

Table 1: AREs, under Student (3, 5, 8, 10, and 20 degrees of freedom), normal and logistic
densities, of various rank tests (based on Student, van der Waerden, and Wilcoxon scores), with
respect to the pseudo-Gaussian tests.

5 Simulations.

In this section, we conduct a Monte Carlo experiment to investigate the finite-sample behavior
of our rank tests under a variety of error distributions. More precisely, we considered the model

Yii = p+ Bixh + Box? +us ey, i=1,...,n=100, t=1,...,T =5, (5.7)
where
o =0 =03=1

e the mzlt’s are i.i.d. uniform over (0,1) and the x%t’s are obtained from i.i.d. v; uniformly
distributed over (—0.5,0.5) via 2% = 0.1t + 0.55[?1271571 + v and 2% = 5+ 1014 (see Nerlove
1971);

e the u;’s are i.i.d. Gaussian with mean zero and variance o2 = 0 (null hypothesis), 0.2, 0.3,
0.4, or 0.5 (increasingly distant alternatives);
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e the g;’s are i.i.d. Student with 1, 3, and 8 degrees of freedom, Gaussian, or logistic (more
precisely, they are i.i.d. with density fi+,, fits, f1,5. 1, OF 7).

For each combination of ¢2 and a distribution for the e;’s, we generated M = 2,500 inde-
pendent samples from (5.7), with the same values of the regressors z, over replications. For
each replication, the following six tests were performed at nominal probability level a = 5%: the
pseudo-Gaussian test based on T;(n) (9;? ) three t,~score tests based on Tf1 . (ﬂ# ) (v =1,3,8),

the van der Waerden test based on T\,dW (,3# ) and the Wilcoxon test based on 7T’y xn) (ﬁgj )). The
estimator 0# = (,u 2 ,,3# )’ used is the least absolute deviations (LAD) estimator. Rejection
frequencies are reported in Table 2.

These simulations show that the pseudo-Gaussian test, though resisting non-Gaussian den-
sities with finite second-order moments, are collapsing under the heavy-tailed ¢; distribution. In
sharp contrast with this, all proposed rank-based tests appear to meet the 5% probability level
constraint. Empirical power rankings are essentially consistent with the corresponding ARE
values from Table 1. For instance, under Gaussian densities, the powers of the t,-score rank
tests are increasing with v as expected, whereas the asymptotic optimality of the same tests
under the corresponding Student distribution with v degrees of freedom is confirmed.

6 Appendix.

6.1 Proof of Proposition 2.1.

The proof consists in cheking that Swensen’s (1985) sufficient conditions (1.2)-(1.7) hold. Con-
ditions (1.3)-(1.7) (to be checked, for ULAN, under sequences #™) follow more or less routinely
from the assumptions made, and the only delicate one actually is condition (1.2). This condi-
tion is a direct consequence (see Swensen’s Lemma 2) of the quadratic mean differentiability, at

any (u,8,02,0), of
1/2 , 1/2
(1.,0%,03) = o010 = {7 [ Hﬁ o~ 11— Bx: — o) ) hlu) du)
with y == (y1,...,y7) € RT and x; := (2},27,...,2f) € RE, ¢t = 1,...,T. The technical

difficulty lies in the fact that f L B.0?.02:fy has the form of a mixture density. Quadratic mean

differentiability is established in the following lemma.

Lemma 6.1 Let Assumptions (B) and (C) hold an fix f1 € Fa. Define, fory € RT,

T /
1/2 1 g Yy —p—B'x
Dutypoz o) = %imﬁ,aao;h ¥) l;¢f1 ( o )1 ’

T /
Y — p— B’ n
Dﬁfl(é«r?t)fl( ) = fl/,;a ony )l Ph <%> (K™Y
=1
T , ,
1/2 — Lo 1= B'x yr — u — B'x
DUQiﬂyﬂﬂQyO;fl (y) T 40-2iy,,ﬂ,02,0;f1 ; ((—) ¢f1 (7) - 1)‘| )




O—’LL
Actual density | Test 0 0.2 0.3 0.4 0.5
N ] 0.0444 0.3268 0.7740 0.9768 0.9996
vdW | 0.0488 0.3416 0.7820 0.9812 0.9996
01 W | 0.0500 0.3144 0.7544 0.9708 0.9996
ty 0.0572 0.1396 0.3176 0.5668 0.8256
ts 0.0504 0.2596 0.6528 0.9372 0.9976
ts 0.0500 0.3216 0.7628 0.9740 0.9996

N 10.0556 0.0952 0.2216 0.4124 0.6732
vdW | 0.0552 0.1108 0.2428 0.4448 0.7068
4 W | 0.0552 0.1164 0.2600 0.4520 0.7260
t 0.0492 0.0936 0.1500 0.2456 0.4184
t3 0.0544 0.1224 0.2496 0.4196 0.6832
tg 0.0556 0.1188 0.2572 0.4508 0.7236

N 10.0176 0.0192 0.0196 0.0184 0.0192
vdW | 0.0536 0.0884 0.1616 0.2668 0.4344
fi.e W | 0.0540 0.1180 0.2148 0.3772 0.6104
t 0.0536 0.1648 0.3380 0.5844 0.8300
t3 0.0568 0.1388 0.2744 0.4920 0.7300
tg 0.0536  0.1108 0.2052 0.3588 0.5808

N 10.0480 0.1176 0.2596 0.5224  0.7552
vdW | 0.0576 0.1896 0.4332 0.7472 0.9408
it W | 0.0572 0.2176 0.4928 0.8228 0.9704
t 0.0592 0.1648 0.3712 0.6440 0.8636
t3 0.0580 0.2184 0.5248 0.8356 0.9760
s 0.0576 0.2148 0.4880 0.8148 0.9668

N 10.05612 0.2360 0.5960 0.9040 0.9920
vdW | 0.0556 0.2636 0.6412 0.9272 0.9948
Sits W | 0.0560 0.2828 0.6548 0.9388 0.9956
t 0.0468 0.1520 0.3340 0.6012 0.8420
t3 0.0560 0.2592 0.6120 0.9132 0.9908
s 0.0552 0.2820 0.6580 0.9384 0.9960

Table 2: Rejection frequencies (out of M = 2,500 replications), for o, = 0 (null hypothesis)
0.2, 0.3, 0.4, 0.5 (alternative hypotheses), with Gaussian (¢1), logistic (¢1), ¢, with v = 1,3,8
(fi,t15 f1t55 f1,45) disturbances, of the pseudo-Gassian test (NV), and the van der Waerden (vdW),
Wilcoxon (W), and t,-score with v = 1, 3,8 (¢1, t3, tg) rank tests; the sample size is 500 (n = 100
and T =5).
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and

1/2 N TS Y Yt — ﬂ Xt
Doz ) porornWioz=0 = 500200 lz Vh < )
T T / /
Y — 1 —B'xy Y — 1 — B'x
oy (e, (nmams )|
t=1 1=1£t

Then, as t, s, v, and r — 0,
1/2 1/2 r2 1/2 2 4
(¥ / Fiviprsorrorn ) =L iiipisor o0 ) =7 Doz L) e o2 o020, (Y )\U?FO} dy=o(r"),

;Lf;{270-2 0; /1 (Y) 2

1/2 1/2 2

(”)/{ ﬂért,ﬂwLS 240,05 f1 (Y) _iﬂ{ﬂ70270§f1 (Y) - (t’ S,, 1)) Dﬁf 72 02,0;f1 (y) } dy=o (H (t7 5,7 ?)) H )
on“ B,02,0;f1 (¥)

1/2
(”l) / U2fu{lrtﬂ+s o2+4v wal( )\03:0 D f ,57 ,oﬁ;fl(ymg:o} dy = 0(1); and

Duligoron®)
Dyf/5 0200 ()
(“)) /{ ll/ft,ﬂ'i‘SO'Q-i-’UTQ fl( ) fl{,;a Ofl( ) (t,S/,U,’I“2) ’f’ 01 dy
02/5 11,8,02 Ofl(y)

Qf“ﬁ, 2.02; fl(y)\oL=0
= o(||(t, 8", v, 72)|").

Proof. (i) Letting z; := (y; — (u+1t) — (B +8)%x¢) /(02 + v)/? and z := (21, 20,...,27),
the left-hand side in (i) takes the form

[ (s (ot renn) ™ (finco)

=1 =1
1/2 2

2 T T T T
RCED] <1_[1f1 (Zt)> (2;1/% (1) Z Z by, (2t) o1 (Zl))] dz.

t=1 l£t=1

In order to prove (i), it is thus sufficient to establish differentiability in quadratic mean with
respect to (r/(o?+v)/?)2. This quadratic mean differentiability property, however, is somewhat

nonstandard, as it involves the second-order derivatives of the product [Hthl fi (zt)} As in
Akharif and Hallin (2003), the proof is decomposed into three parts.

(a) With the above notation, y* —— L( / K, (u, y)h(u) du, where K, (u,y) == T~ fi(z—

yu), is absolutely continuous at y = 0, with a.e. derivative

1 /v r . r
U,(y) = E/wO/R{;fl(zt—wu)[l]__{fl(zt—wu)}
14t

T
filze —wu) fi(z — wu){ H fi(zm — wu)} }uzh(u) dudw. (6.1)
mt A

MH

£y

t=1

—~—

0
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We obtain

L) =10 = [ Ky = K0k du
= /:ooo /ay=0 K (u,a)dah(u) du
= /io /?i (K (u,a) — K (u,0)]da h(u) du+ /io i K (u,0)da h(u) du
=—o00 Ja=0 =—o0 Ja=0
= /Oo /y ’ K (u, w)dw da h(u) du, (6.2)
=—00 Ja=0 Jw=0
where
T T
K(u,w) := Zfl(zt — wu){H filz — wu)}u2
= =7
T T .
+3°0" filze —ww) fi(zm —wu) | H f1(zm — wu)| .
=1 lljé% m;ét,m;él

The value (6.1) of the a.e. derivative for y > 0 follows. At y = 0, the right derivative is defined
as the limit, as y | 0, of [L(y) — L(0)]/y?, for which (6.2) yields 0/0. Applying L’'Hospital’s rule
we have

T
lylﬁ)l[L( ) L {wal Zt +Zz¢f1 Zt ¢f1 21 }{ H fl }

t=Il I=1 m=1
1+t

(b) It follows that y? — s,(y) := [L, (y)]% is also absolutely continuous in a neighborhood
of y = 0, with a.e. derivative

S4(y) = %Ayoék(u,w)h(u) du/[/RK(u,y)h(u) du}%dw. (6.3)

L’Hospital’s rule at y = 0 yields

T T T T
_HHﬁM){Zh%HDﬂﬂ+ZZﬁ%mm[H filzn)]
- i T ottt
Hence, for all z,
tg {5 5200 520001} = 5200) (6.4

(¢) The partial quadratic mean differentiablity property to be proved takes the form

2
lim {%[sz(y) — 5,(0)] - %sz(())} dz = 0. (6.5)



for all z. Fubini’s theorem and (6.3) yields

[ A5 - s} as

IN

—/ /T 52(VX dzd)\ (6.6)
A=0JR

= /y Tyo(f15 VAN,

16y

with Zys(f1;y) defined in (2.3). The continuity assumption in (B3) implies that this latter
quantity converges, as y — 0, to

S Tuo(f130) = |, (0 dz

which together with (6.6), entails that

Jim sup /R ) {%[sz(y) - sz(O)]}de < /]R [4(0) d. (6.7)

y—0

In view of Theorem V.I.3 of Hajek and Sidak (1967) [also in Héjek, Siddk and Sen (1999)], (6.4)
and (6.7) jointly imply (6.5). This completes the proof of part (i) of the lemma.

(ii) The problem here reduces to the classical case of linear models considered by Swensen (1985).

(iii) First note that, as ¢, s — 0,

1/2 1/2 2.
/]R { o2 i1 prsor oz Vioz=0 = Do2f 15 52 52 1, (Y)|ag=o} dy = o(1).

For the perturbation of o2, letting z; :=vy; — u — B'x¢ for t = 1,...,T, we have

T = /RT {DUQill/gﬂ—l—haQ'ﬁ(yha DQfM,BU 208 fl( )|05:0}2dy
1 1 -8
= [, {—M—TW[HW(W”

B'x; ¢ — 1 — B'xy ¢ — 1 — B'xy
{Z%ﬁ(#)lﬂ) +Zz¢fl(y(a2ih)1/2 )¢f1(y(a2ih)1/2 )}

1 1/2 - B'xy
1 (o2 )T+4/4{Hf/ (%)}

d "Xt d == B'x t =T
[ () 33 o (U o (M
a e
- [, G A" Gy
rT U4 (02 4 h)TH4/4 L 1S (02 + h)1/2
T T T
{wal( —|—h)1/2) +;lzl¢f1(( _|_h)1/2)¢f1((0.2 +th)1/2)}
1 1/2 l;ét 2t & 2 21\ 2
15 T+4/4{Hf N (G) + 220 (5)en ()]} d=
It
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1 1 L 1 1/2 2t 1/2
- Ll e ) - )

T
[ (rtge) 3 0 ) ()
l;ét

11 1 2 2 2
+tio U ooy 1”2(;)}{21 (s ) — o0 (5))]

1 1 1744 1 %
— /[RT{Z{(02+;1)__]1;.[ +h)1/4f11/2(( +}1)1/2)

[ )+ o () ()

t=11=1
|

171 1
+Z[?H(0’2+h)1/4 f/Q(W) 2H 1/2 1/2(0)}

t=1
T
X{Z¢fl<( 211 1/2)+t21;¢f1< +h)1/2)¢fl(m)}
14t
1 T’ 1 1/2( %t T Zt
T e N o ()~ o0 ()]
rz Zt Z Zt Z 2
3 o () () - o o ()
14t
< C(Ty+ Ty +T3),
where
1p 1 - 1 %
RPN RS | /S
T T T . 9
x[;zbfl (m) +;;¢f1( 2 +h)1/2)¢fl(m)” dz,
14t

o= / {4};2“_[ +1h)1/4 1/2(( 2+ h) ) H 1/2 1/2<a)}

t:1
T

[wal( +h 1/2) +ZZ¢ (W)Wl((hfwn}zdz,
75
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and

no= [ A Mt COHE P (G gm) — v ()]
+;TEZXT; [(bfl( (02 +h)1/2)¢f1(( 2 fh)l/z) ~n (%W(%ﬂ}}gdz
1+t

Clearly, Ty = O([(¢?> + h)~! — 0*2}2(I¢(f1) +Z3(f1))), which implies that T} = o(1), as h — 0.
Turning to 75, we have

m = [ A S [ () - ()]
X,ild et (i jkh)l/Q)klfl_l Ertae)
X{tz:wf (W) +;§¢fl +h)1/2)¢f1((o—2 jlh)l/z)}}QdZ
- [ S [ () - ()]

Xwﬁ(m)g (02+h)1/4 11/2<(02 ‘ikh)l/Q) El (02)1/4 11/2(%)}

1
+@;l;m 1{(0—2+h)1/4 11/2((02 fth)l/z)_gl/z 1/2( )}‘bfl(m)
m=#l
= 172 2k L L czize\\?,
X¢fl(( 24 h 1/2)1;1 +h 1/4 (( 2+h)1/2)k::l:[1(02)1/4 () ) e
< OT +T3)
where
i [ A S e ) et )
L rr W2 L = L(o2 + )47 (o2 4+ n)1/2) o127 Ao
t—1 1 T 1 2
ol T et ) 11 ()
and
1 & d 1 1
= [ A S X [ g~ an (s (Grgm)
m#l
<on (i ) T i () 11 G2 (2)Y
fi (02 + h)1/2 P (02 + h)1/4 1 (02 —|—h 1/2 AL 1/4 o :
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Then, in order to prove that 75 = o(1), it is clearly sufﬁcient to show that T and T3 are o(1)
as h — 0. We start with T3, which is bounded by B (Ty! + 732 +T5?3), where B is some positive

constant,
Zt

' = / {XT:[ 02 + h)1/4 11/2((02 jh)1/2)¢f1((02 +h)1/2) - 011/2 e (%) vn (%)}

t=1
1/2 2k L 1 1/2 [ 2k 2
2 h /271 ((02 T h)1/2) k=111 (02)L/471 (;) } dz

By

(eu—ln(1+0%)1/2)

1

B (e g () Y, (63)

T
132 = /R{;[wfl(m) _wfl( )} o172 1/2(%)
et i) L G
L (0 + h)/4 b \(o? +h V2L o [CORE 7

eu—ln(l-i- h 1/2) T,Z)fl( )} eufl(eu)du (6.9)

IN
S
[N}
N
=
<
=
/N X

and
— 1
2 [m ()~ G

T
TS = /RT{zg
T
1 ) 1L, ) s

2] - 1/2
><7/)f1<( 24 h) 1/2) ].;.[ —i—h)1/4 ((02 + h)1/2

<

i U—ln(l"'i)lm u—In 1/2 SU u 2
33/]1%{62[ = }flm( In(1+75) )_eé £l (e )} du x Ty(f1).  (6.10)

Since e%“fllﬂ(e“), e%“fll/Q(e“)¢fl(e“) and vy, (e") are square integrable, quadratic mean conti-
nuity implies that the integrals in (6.8), (6.9), and (6.10) are o(1) as h — 0.
Similarly, it easily shown that

T22SC{/{e%[u—ln(l-i—a%)lp]fll/?(eu—ln(l-i—a%)lﬂ)(bfl(eu In(1+25 )1/2) o3 f1/2( “b g, (e )}2
R

><I¢>(f1) [ fon (0 e} et aen)du x Zu(h)
+/ [ 1/2} e Ca i _e%ufllﬂ(eu)}Qdu x T2(f1)| =o(1), as h — 0,

since e§“f11/2(e“), e§“f1 (e“)i/)fl(e“) and ¢y, (e") are square integrable.
As for T3, note that T3 < D (T4 + T3) where

S ) S

2
=1 P {¢fl<T)lﬂ) —wﬁ@)}}} dz
< D1/R(1/1f1{e“ In(14+-% 1/2) —T/Jfl(eu)} ¢ fy (") du = o(1), as h— 0,
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and

) 1y 1 ey ¢ “t i
T3 = /RT {E[g (0_2)1/4 1 (;)}{Z Z [¢fl(( +h)1/2)¢f1<(0,2+h)1/2)

t=11=I#t
~on (2)o5 (2)]}} o
< DQ/R{% (e (14 >”2) —¢f1(e“)}26“f1(e“)du:o(l), as h— 0,

since ¢y, (e") and 1), (e*) are square integrable. This completes the proof of Lemma 6.1, hence
of Proposition 2.1. O

6.2 Proofs of Propositions 3.2, 4.1, and 4.2.

Proof of Proposition 4.1. The proof of Part (i) follows along the same lines as in Section 4.1

of Hallin, Ingenbleek, and Puri (1985), and therefore is omitted. Part (ii) of the proposition

is obtained by direct computation. As for Part (iii), under P1(9 ") the result straightforwardly

follows from classical central limit theorems. On the other hand it is easy to see that, still
under ngl Byt A (¥) and the log-likelihood NG are jointly multlnormal the

frgud 9+n—1/2(0) 7 /g,
desired result then follows from a routine application of Le Cam’s Third Lemma. O
Proofs of Propositions 3.2 and 4.2. Since (letting K (u) := (a'/2G7*(u))?, u € (0,1)) the

proof of Proposition 3.2 is essentially similar to that of Proposition 4.2, we safely can focus on the
latter. Throughout this proof, we let (") := 0—|—1/ ") g(n), Accordlngly, let Z3 = oYYy — 2, 0)
and Z2 := oYYy — 2/, 8™).

Proposmon 4.1 1mphes that A% (n) " (6,0%,0) — ;Eng)l 4(0,52,0) is op(1) under Pé 32 Ogr” Sim-
ilarly, A (0(" 02,0) — A;(ng)l 4(0("), 02,0) is op(1) under Pé(z) 0209 — hence, from contiguity,
also under P(,;l Consequently, the left hand side in (4.4) is asymptotically equivalent, un-
der Péngg 001 to

CM(@,0%) = A (0™,0%,0) - AR (6,02,0)
- 1 . n — n
s Z{Z S o, (FrH(G1(23) on (FT(Gu(2))
=1 t=11#t=1

T T
=S on (FTNGZY) ép, (FTH(G1(Z9)) }-
t=11#£t=1
and we need only to prove that C™(8,02) is op(1).

Let Ky, (u) := ¢y, (F; '(u)) and consider the following truncation: for all £ € Ny, define

‘ 2 1
KP(u) = Kp <Z> Uu = <z + En(@2cuci-2)

2 1
+Kp <1 - Z) ¢ <<1 - z) - U> I(-2<uci- 1))

Continuity of u +— Ky (u) implies the continuity of u — K}f) (u) on the interval (0,1). It

follows that the truncated scores KJ([? are bounded for all £ € Ny. Moreover, since we have
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assumed that Ky is monotone increasing, there exists some L such that |Kj(cf)(u)| < |Ky, (u)
for all w € (0,1) and all [ > L.

One shows easily that C(™ (6, 0?) decomposes into D(n'e)—l—D(n'g) R(n'e)—i—Rgn;g), where, denot-
n)

ing by Eg and Varg expectation and variance, respectively, under P(

0,02,0;91°
n;l n {4 n
pih . DGz K (Gi(Zy))
i=1t=1[#£t=1
n-1/2 n
0) Y4
ZZ Z KW(G1(Z0) K (G1(25))
i=1t=11#t=1
n*1/2 n T y . ’ .
B[ 00 20 K (GHZ)EL (Gr(Z)],
i=1t=1l#£t=1
(n3) T2 R = () - ;
Dy = SB[ Y YT Kp(GHZR)ER (Gu(Z)].
i=1t=1l#£t=1
(n:0) n71/2 n T T
R = 5D >0 XL KalGi(Zi))Kn(Gi(Z)))
i=1t=1[#£t=1
_ n T T
_n 1/222 Z K(z)(G (ZO))K(Z)(G (ZO))
202 fi it i\ )
i=1t=1 l#£t=1
and
(n36) n 2
]‘:{27 = Z Kfl G1 Zt Kfl(Gl( zl))
i=1t=1 l#£t=1
n-1/2 n
ZZ Z K{(GUZ) K (Gu(Z)).
1=1t=11#t=1

We prove that C™(0,02) = op(1) by establishing that Dgn;e) and ngz) are op(1) under
ng;g,o;gl, n — oo, for fixed ¢ and that Rgn;g) and Rgn;g) are op(1) under the same sequence of
distributions, as £ — oo, uniformly in n. For the sake of convenience, these three results are
treated separately (Lemmas 6.2, 6.3 and 6.4)

Decompose Dgn;g) into Dg?{g) + Dgtgz) —E [Dg’?{g)], where

n-1/2 n
DI ZZ Z K (GUZ)K L) (Gh(Z])
i=1 t=1|#£t=1
n71/2 s z K(Z)G ZO K(E)G n
952 ZZ Z fl( 1(Z3t)) fl( 1(Zi1))
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and

- 77‘71/2 n T T
D" 2> > KR (GiZ)KR) (G(Z))
i=1t=11#£t=1
_1/2 n Z
ZZ > K (Gi(Z0) K (Gi(Z])-
i=11=1[£t=1

(taking into account the independence between Z3 and (Z3, Z1) under Pé 22 O ). We then have
the following.

Lemma 6.2 For any fized ¢,

(i) B[ (D59 — EolD{3)) "] = 0(1), as n — o

(ii) EO[( (nz)) } =o0(1), as n — oo;

(n)

(iii) Dgn;z) =op(1), as n — oo, under Py , O

Lemma 6.3 For any fized ¢, D;n;e) =o(1), as n — oo, under Pé 32 O

Lemma 6.4 As ¢ — oo, uniformly in n,

(a) R is op(1) under P§320g1
(b) Ré"“) is op(1) under Pé 32 0., Jor 10 sufficiently large.

Proof of Lemma 6.2 Let us begin with the second part of Lemma 6.2.
n
(ii) First note that D%Z) = (n"Y2/20?) ZTZ(";Z), where, for i =1,...,n,

=1
T T
T = 3 Y K (GUED)[K(G(Z) - K (G (2)]
t=1l#t=1
T—-1 T
= 23 > KNG KR (Guz) - K (Gi(2)))]
t=1 l=t+1

are i.i.d. Using the independence, for ¢t # [, between Z9, and (29, Z1) and the boundedness
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of K}f), we have that

w01 = G 3 Bl ] = S ()’
1,]= i=1
I L 0 0112 ) 0 (0) 01))2
= 2 Y B[(KR Guz) B[ (K (Guz) - K (z)) ]
i=1  t=1 l=t+1
+T71 > EO{K}?(GI(ZSE)))Q}
t=1 l#£k=t+1
xEo| (K (Gu(2) — K1) (Gu(20) (K} (Gu(Z) - K3 (G20}
< G max {Bo| (K (G1(Z) - K3, (G1(Z0)) |}

2
Then, it only remains to be shown that Eo[ (K}f)(Gl(ZﬁJ)) - K}?(Gl (Zzok))) } =o(l),asn —
00, uniformly in k. Continuity of K}f) o 1 and the fact that |Z} — ZY| is op(1) together imply
¢ " 0 .
that K (G (2])) — K} (G1(Z3)) = op(1), under P§Y, . (©

as n — oco. Moreover, since K 5 s
bounded, this convergence to Zero also holds in quadratlc mean.

(i) Letting T = Z Z (K (Gr(z) — K (G1(Z50) | K (G1(Z]), we have
t=1 I=t+1

n—1/2

D) — oD i[ Eo[T"],
and then

1 n

Ea[ (17 - 5D = L SB[ [af - Bl = S V]

i=1

IN
S
W
=
S)
—
iy}
3
=
~—
Il
=
—
=
S
&
~—

28



N 2
and, it only remains to show that Eg [(Tgn,z)) } =o(1), as n — oc:

Bo[(T0"9)] = TZ_lEo[(K}?(Gl(ZZ))—K}f)(Gl(Zﬁ)))Q}Eo[( > K )]
t=1

I=t+1
T-1t—-1 T T y
233 Y Y Bo[(KP Gz - K (G1(20)
t=2 k=1I1=t+1 s=k+

E
1
< (KO(Gr(z) - K61 (25))) KO(Gr(2) KW (G (22))]

ZEO[( @z - K0 Gz e[ X KOG zp)]

T-1t-1 T =
233 3 B[ (K (Gi(z) - K3 (Gi(29)))
t=2 k=11=t+1
< (K (@ (z5) — K3 (6a(28)) (K@ (z) |
T-1t—-1 T
+23° 3 3 Bo|(KR (Gi(zZh) - K (Gu(Z0)) K1) (G (23)
t=2 k=11=t+1

x (K5 (@1(23) — K} (Ga(20)) K (G (23)]

T— T
+2 ) Z Eo|(K0(G1(23) — K(G1(29)))
t=2 k=11=t+1 s#l,s,t=k+1

< (K}, (Gi(23p) - K (Gu(25) ) Ky (Gu(2) K (Gr(Zh)|

< Co max {Eo[(K0(G1(23) - KD (G1(25))) ]} = o(1).

1<k<T

1t-1

(iii) trivially follows from (i)-(ii) and the fact that convergence in quadratic mean implies
convergence in probability. O

Proof of Lemma 6.3. Letting

n-1/2
n;l) 4
By = T S Y KOG G
i=1t=11#t=1
one can show that, under Pé )2 0:gy7 35 T — 00,
nt) L T(T - 1) ¢ 2
Bg V£ N (07 T 994 (E[(K}R(U))Q]) ) )

where U stands for a random variable uniformly distributed over (0,1). Defining

By = S Y0 X0 KR (GUZ)KR (Gi(Zh)).

it follows from ULAN that, under P( ")

520,12 BS 10— 00,
. T(T -1 2
B0 5 A (0, % (El(K @)2) ) : (6.11)



Since Dgn;z) = Bén;z) - Bgn;z) - EO[Bén;Z)] = op(1), we have that
n;l nil)y L (T -1 ¢ 2
B molg) £ a7 (0, 25 (B ) (6.2
as n — 0o, under Pé 0)2 0:g,- From (6.11) and (6.12), it follows that Dgn; ) = EO[B(n Z)] is o(1)
as n — oo. ]

Proof of Lemma 6.4 (a) We have that

Fo[(R{"*")?]

1 n T-1 T 2
= LY R[(X X [KAGiZ0) K (Gi(Z0) - K (Gi(Z0) K (G (Z)]) |
» zzl . ?ll =t+1 )
= LYY S Bo[(Kn(GiZ) K (Gi(Z8) — K (G (Zi)K) (G(Z8) |

i=1 t=1 l=t+1
n T-1
Z—f SN > E[(Kn(Gi(Z) K (Gr(Z0) — KR (GuUZIK (Gr(Z1)

i=1 t=1 t+1<I#£k<T

x (K5, (GI(ZD))K 1, (G1(2%) — K (Gr(Z8) K (G (Z%))]
ol T-1t-1 T T

YT S S B[ (K (G20 K (G (29) — K (G (20K (G (24)

i=1 t=2 k=1l=t+1s=k+1
X (Kp, (GrZ0) K5, (G1(20)) — K (G (ZB) K} (G1(ZL)) )|

2

=: A+ Ay + As.

Using the fact that EO[K}f)(Gl (Z9))] = o(1) as £ — oo, uniformly in n and for all ¢ and 4, it
follows that As and Ag are o(1) as ¢ — oo, uniformly in n and it only remains to show that A;
is o(1) as £ — oo, uniformly in n.

Now, we have that

1

7171 n T—
Ay ot Z
i=1

T

2.

t=1 I=t+1

-1 n T—-1 T
2.

I=t+1

Bo[ (K5 (Ga(Z9) K5, (Ga(29)) — KS(Ga(Z9)K S (G(29) ]

1 1 2
| [ (En@En@ - K@K ©) dudo

=03
-

i=1 t=1

_ 1 41
_ LZ& ) /0 /0 (Kfl(u)Kfl(v)_K}f)(u)f(}f>(v))2dudu. (6.13)

Since K}f) (u)KJ(Cf) (v) converges to Ky, (u) Ky, (v) for all (u,v) € (0,1) x(0,1), and since |Kj(cf)(u)|
is bounded by |Ky (u)| for all £ > L, the integrand in (6.13) is bounded (uniformly in ¢)
by 4| K, (u)|?| Ky, (v)|?, which is integrable on (0,1) x (0,1). The Lebesgue dominated conver-
gence theorem implies that A; = o(1) as £ — oo, uniformly in n.

(b) The claim here is the same as in (a), except that Z% replaces Z3. Accordingly, (b) holds

under Pé(z) 2 01 . That is also holds under Pé )2 09 | follows from Lemma 3.5 in Jureckova (1969). O

s
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